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Abstract 
In 1985 Goode and Wainwright devised the concept of an Isotropic Singularity 
(IS). Since that time, numerous authors have explored the interesting consequences, 
in mathematical cosmology, of assuming the existence of this type of singularity. In 
this thesis both the general properties of the IS and properties that are specific to 
barotropic perfect fluid cosmological models are examined . 
The definition of an IS is examined in relation to earlier singularity classifications 
and a comprehensive review of all known papers published with regards to the IS 
. . 1s given . 
Much of the published work regarding the IS is performed under the assumption 
that the matter source is a barotropic perfect fluid. There are , however , some 
general properties of cosmological models which admit an IS regardless of matter 
source. In particular we show that the IS is a point-like singularity and that vacuum 
space-times cannot admit an IS. The relationships between the IS , and the energy 
conditions , and the Hubble parameter are explored. 
In this thesis the Friedmann-Robertson-Walker (FRW) models and their rela-
tionship with the IS is investigated. Some well known , but rarely published , facts 
about the FRW models are explicitly shown. The FRW models are shown to be ini-
tially decelerating if and only if they possess a limiting , -law equation of state. The 
necessary and sufficient conditions for a FRW model to admit an IS are elucidated. 
In addition to the FRW models , all known examples of cosmological models 
which admit an IS are collated in this thesis. One new example is also presented. 
We make a number of observations regarding the general characteristics of these 
examples. 
We further investigate the barotropic perfect fluid cosmologies which admit an 
IS. Fron1 the General Vorticity Result of Scott , it is known that these cosmologies 
must be irrotational. In this thesis we prove, using two different methods , that 
if the additional assumption that the perfect fluid is shear-free is made , then the 
fluid flow must be geodesic. This then implies that the only shear-free, barotropic , 
perfect fluid cosmologies which admit an IS are the FRW models. 
In order to show that a given space-time has an IS it is necessary to find a con-
formally related space-time that satisfies the conditions of the definition of an IS. 
However if a conformally related space-time cannot be found this does not neces-
sarily imply that the given space-time does not admit an IS. In this thesis we solve 
this problem by showing that a general class of fluid filled space-times admits an IS 
V 
if and only if the deceleration parameter of the fluid flow is a positive constant, in 
the limit , as the singularity is approached. 
The IS ,vould be expected , in some sense, to be homogeneous. In this thesis we 
present a natural definition of asymptotic spatial homogeneity and show that, under 
certain conditions the IS is asymptotically spatially homogeneous. We also present 
examples of space-times ·which admit an IS that are also asymptotically spatially 
homogeneous and examples that aren 't also asymptotically spatially homogeneous. 
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Chapter 1 
Introduction 
The singularity theorems of general relativity tell us that the universe began 
with a Big Bang singularity. This thesis will examine initial singularities in cosmo-
logical models. We will not examine black hole singularities or final singularities. 
Singularities in cosmological models are allowed, by the Einstein field equations 
(EFE), to possess a rather complicated structure.t Given the complexity of allowed 
singularity structures, a philosophical decision must be made about the universe 
in order to proceed [2 , 3, 4, 5, 6, 7]. One can assume that either the universe has 
evolved from a very specific set of initial conditions at the singularity, or that the 
state of the universe at the initial singularity is irrelevant. The first point of view is 
known as quiescent cosmology and the second is known as chaotic cosmology. If we 
make the quiescent cosmological choice we then have to explain the choice of initial 
conditions. This is in stark contrast to the chaotic cosmological choice where the 
initial conditions are irrelevant due to some sort of isotropisation process. 
Let us first examine the chaotic cosmological approach. In this approach the 
initial singularity, and a neighbourhood of it , are nonuniform and chaotic. Since the 
real universe , at the current time, appears to be homogeneous and isotropic, chaotic 
cosmology needs to have some smoothing rnechanism occur. There have been many 
mechanisms suggested for this isotropisation process including neutrino viscosity, 
particle creation, hadron collisions, and inflation. Thus the chaotic cosmologists' 
position is that the universe appears the way it does because we are observing it at 
a sufficiently late stage in its evolution. The great appeal of this approach lies with 
the infinite variety of initial conditions that lead to a universe that looks like ours. 
This implies that amongst the infinite variety of possible universes , there is a high 
probability that we would observe a universe that looks much like this one. It also 
means that we don't need to know what the initial conditions of the universe are in 
order to understand its present and future large scale structure. 
In contrast to chaotic cosmology there is quiescent cosmology. In this approach 
the universe is assumed to have initial conditions that are arbitrarily close to those 
of a Friedmann-Robertson-Walker (FRW) model. As the universe evolves any ir-
regularities at the initial singularity can grow. Thus the quiescent cosmologists' 
position is that the universe appears the way it does because we are observing it 
t See, for example, the series of papers by Belinski, Khalatnikov , and Lifshitz, culminating in 
[1]. 
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at a sufficiently early stage in its evolut ion. In order for quiescent cosmology to b e 
a viable alternative to chaotic cosmology we need to explain why such an ordered , 
smooth init ial singularity is preferable to the ·wide , ariety of initial states offered 
by chaotic cosmology. A possible explanation has been put forward by P enrose [4] 
and is knov, n as t he Weyl Curvature Hypothesis . 
The Weyl Curvature Hyp othesis is, in its simplest form , that "the Weyl cur-
vature, ca bed, , anishes at any init ial singularity' [4, p630]. Hovv this hypothesis 
provides a foundation for quiescent cosmology is not obvious at first , but can be 
made clear by follovving P enrose's arguments [4] . The second la,v of thermodynam-
ics tells us that ent ropy ah, avs increases (in a closed system ) . Thus any init ial 
singularity must be in a lovv en ropy state compared to later times, e.g . the fi-
nal singularity. Obser, ational evidence tells us that t he big bang vvas composed of 
completely t hermalised m atter and radiation which necessarily has a high entropy, 
and thus t his app ears at first to be a paradox. h at t he above simple argument 
misses , according to P enrose, is t he ent ropv associated v. it h t he gravitational fi eld. 
The natural e, olut ion of m atter under t he influence of gravity is to "clump" to-
gether. Hence t he unclump ed s ate must ha, e low ent ropy and t he clump ed state 
must have high gra, ita ional ent ropy. The universe can t hus obey the second law 
of hermod namics and e oh e for, ard from t he big bang singularity ,vit h t he in-
crease in gra, ita ional en rop . The \ -eyl tensor s role can be seen by examining 
models "here there is no clumping together of m atter , such as t he FRW m odels . 
In hese models it can be seen t hat t he We, 1 tensor is zero . Thus " e can associate 
,J 
dumpiness "i h som e measure of t he 'V eyl curvature. Given t hat t he big bang has 
a gravitational source hat can be considered to be totally t hermalised matter and 
radia ion , "ith no clumpiness, then the natural t herm odynamic boundary condit ion 
for the uniYerse is t hat he eyl tensor should , anish at he initial singularity. A 
Yanishing \\ eyl tensor is a characterising feature of t he FR models, hence t he 
requiren1en that the vVe, 1 tensor vanish a the initial singularity should mean that 
the initial singulari y is a highl regular state . Thus thermodynamical arguments 
\Yould eem to require t he quiescent co mological scenario. P enrose also suggests 
that a complete theory of quan um gravity could be used o rigourousl derive this 
constraint on the \YeYl tensor. 
In order to explore the consequences of the quie cent cosmological scenario a 
mathematical frame,York is required. Goode and \ 1 ainwright [5] have pro ~ded 
uch a frame,York and it is kno,vn as the Isotropic Singularity (IS). The purpose 
of thi thesis is to disco,·er some of the con equences "hich result from assuming 
that a fluid filled pace-time admit an IS . For much of his the i it ,, ill be further 
a urned that the matter ource i in fact a barotropic perfec fluid. 
For thi the i it i a urned that the reader i familiar ,vi h relativistic cosmology. 
A. brief ummary of relatiYi tic cosmology i provided in A.ppendix _/\ so that the 
experienced re earcher can quickly glance at notation and the novice can obtain a 
fa t introduction to the ubject. _-\.ppendix B contains ome of the ma hematical 
tool \\·hich are u ed in thi the i . In Chapter 2 the definition of an IS and a 
reYie,Y of kno,Yn re ult i pre ented. Chapter 3 derive the rela ionships between 
the phy ical and unphy ical pace-times and examines coordina e vs ems ,vhich ,vill 
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be used in the later chapters. Chapter 4 examines the values of certain kinematic 
and geometric quantities at the IS. It is recommended that reader skip over Chapters 
3 and 4, and refer back to them as necessary, as no new material appears in these 
chapters. Some general consequences of the definition of an IS are given in Chapter 
5. Chapter 6 examines the Friedmann-Robertson-Walker models and derives the 
necessary and sufficient conditions for the FRW models to have an IS. Appendix 
C contains proofs for some other well known results regarding the FRW models. 
Other examples of space-times, some of which have an IS , are presented in Chapter 
7. In Chapter 8 it is shown, with the further assumption that the fluid flow is 
shear-free, that the fluid flow is necessarily geodesic. A necessary and sufficient 
condition, for a specific class of fluid filled space-times, to admit an IS is derived in 
Chapter 9. Chapter 10 defines what it means for a space-time that admits an IS to 
be asymptotically homogeneous , and examines the implications of this definition. 
In Chapter 11 we summarise the work presented in this thesis and discuss the future 
direction that this ·work may take. 
1.1 Summary of published work 
Papers based on Chapters 6, 9, and 10 have been prepared for publication. These 
papers will be submitted shortly. 
A paper based on the general properties of an IS ( Chapter 5) has been accepted 
for publication in 
• G. Ericksson and S.M. Scott "General properties of cosmological models with 
an Isotropic Singularity" Gen. R el. Grav. 34 (October 2002) 
The examples in Chapter 7, and the Zero Acceleration Result, in Chapter 8, 
have previously been published in 
• S.NI. Scott and G. Ericksson "Cosmological models with isotropic singulari-
ties" Proceedings of the International Seminar on Mathematical Cosmology) 
Potsdam March 30 - April 4) 1998 ed. M. Rainer , and H.-J. Schmidt (Singa-
pore: World Scientific PC) (1998) pp118-27 
• G. Ericksson and S.M. Scott "Isotropic singularities in shear-free perfect fluid 
cosmologies" Gen. Rel. Grav. 32 (2000) pp425-43. 
1.2 Conventions and notation 
The follo-wing conventions are used throughout this thesis. 
• Latin letters denote 0,1,2,3. Greek letters denote 1,2,3. 
• (M, g) is a space-time where M is a four-dimensional Hausdorff C 00 manifold 
and g is a non-degenerate Lorentz metric. 
4 1. In trodu ction 
• * denotes that t he entity to which it is attached exists in t he unphysical 
space-t ime (*M , *g), not t he physical space-t ime ( M , g) . 
• ; denotes t he covariant derivative w. r. t . t he physical metric g . 
• *; denotes t he covariant derivative vv. r. t . t he unphysical metric *g . 
• A dot abo, e an ent ity in t he physical space-t ime means t hat vve take t he 
co, ariant derivative of t he ent ity w.r. t . t he physical metric g in t he direction 
of the fluid velocity fi eld u , i. e., A = A ;aua . Similarly, a dot above an ent ity 
in t he unph sical space-t ime means t hat vve take the covariant derivative of 
the ent itv vv .r. t . the unph} sical metric *g in the direction of t he unphysical 
fluid velocit} fi eld , *u i. e., *A = *A*;a *ua . 
• A = O(B ) means -K < ;~:~ < K as x-+ x 0 , for some K E JR+ . 
• A = o(B ) means ;~:~ -+ 0 as x-+ x 0 . 
• T·y1, o functions, A and B , are said to be asymptotically equivalent as x -+ x 0 , 
\Yri ten .fl ( x) ~ B ( x ) , if A ( x) = B ( x) { 1 + o ( 1)} as x -+ x O . 
• 1 prime denotes different iation vvit h respect t o T. 
• S mmetrisation is denoted bv round brackets and ant is} mmetrisation is de-
noted bv square brackets . eg T(ab) = i! (Tab+ Tba) and T[abc] = J! (Tabc + Tcab + 
Tbca - T acb - Tbac - Tcba) · 
• Condition (*) means the space-t ime (;Vi , g) is a C3 solut ion of t he Einstein 
field equa ions ,vith perfect fluid source , and t he unit t imelike fluid congruence, 
u is regular at an iso ropic singulari . 
1. 3 Abbreviations 
_.\SPH _.\sym ptotic Spatial Homogenei tv ( see Definition 10 .1. 2) 
CS Conformal Singulari v ( see Section 2. 3) 
DEC Dominant Energy Condition 
EFE Ein tein Field Equations 
FR\Y Friedmann-Robertson-\Yalker space-time 
FR\YC FR\Y Conjecture ( ee Conjecture 2.3.1) 
FR\YR FR\Y Re ult ( ee Theorem 6.1.1) 
G\-R General \ ·oriticity Re ult ( ee (14]) 
IS I otropic Singularity ( ee Definition 2 .1.1 ) 
I\· Initial \ ·alue Conjecture ( ee Conjecture 2 .3.2) 
1.3. Abbreviations 
RM Restricted Metric (see Section 9.2) 
SEC Strong Energy Condition 
WEC Weak Energy Condition 
ZAR Zero Acceleration Result (see Theorem 8.0.1) 
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Chapter 2 
What is an Isotropic Singularity? 
The Isotropic Singularity (IS), introduced to the field of mathematical cosmology 
by Goode and Wainwright in 1985 [5], is the outgro\i\ th of an earlier singularity 
classification knovvn as the velocity dominated singularity [11, 12]. The IS is a 
formalisation of the idea of a Friedmann-like singularity [8, 9, 10]. The relationship 
between these tvvo definitions are discussed in Section 2.1. The relationship of the 
fluid flovv in a cosmological model to the IS is defined in Section 2.2. In Section 2.3 
the knovvn vvork regarding the IS is presented. 
2.1 Classification definitions and relationships 
In this section the IS and the , elocity dominated singularity are defined and the 
relationships bet,veen these definitions discussed. 
Follo,ving the introduction of t he IS concept by Goode and Wainwright [5] 
Scott [15, 6 14] amended their definition to remove some inherent redundancies. It 
is this amended definition ,vhich is given in Definition 2.1.1 and which will be used 
throughout this thesis. 
Definition 2.1.1 (Isotropic singularity) A space-t ime (M , g) is said to admit 
an isotropic singularity if there exists a space-time (*M , *g) , a smooth cosmic time 
function T defined on *M and a conformal factor D.(T) ,vhich satisfy 
l. M is the open submanifold T > 0 
2. g = r? (T ) *g on M. ,, i t h *g regular ( at least C3 and non-degenerate) on an 
open neighbourhood of T = 0, 
3. 0 (0) = O and 3 b > Osuch t hat O E c0 [o b] n C 3 (0 b] and D(O, b] > 0, 
--± . A limy -tO+ L (T ) exists, A -I 1, ,vhere L ~, ( g) 2 and a prime denotes 
different iation \Yith respect to T. 
6 
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The definition of an isotropic singularity is described pictorially in Figure 2.1. 
The definition of a cosmic time function [14][13 , p198] which is used in conjunction 
with Definition 2.1.1 , is the one given in Definition 2.1.2. 
Physical 
space-time 
(M,g) 
g=d*g 
Q(O) = 0 
Unphysical 
space-time 
T=O 
(*M,*g) 
Figure 2.1: Pictorial interpretation of the isotropic singularity. 
Definition 2.1.2 (Cosmic time function) A function T on *M is said to be a 
cosmic time function if *'\!T is everywhere timelike on *M with respect to *g. 
It should be noted that a cosmic time function defines a family of spacelike 
hypersurfaces {T = constant} in *M and hence in M. A cosmic time function also 
increases along every future-directed non-spacelike curve . 
Since (M , g) is the space.:time in hand- in our case, typically, a cosmological 
solut ion of the Einstein field equations (EFE) - it is usual to call it the physical 
space-time. The conformally related space-time, (*M, *g), is then called the unphys-
ical space-time. 
Al though the definition of an IS , and the arrow in Figure 2 .1 , lead one to think 
of the unphysical space-time being "created" from the physical space-time, it is 
actually useful to consider the situation in the reverse fashion. In this way, the 
singularity in t he physical space-time should be regarded as arising due to the 
vanishing of t he conformal factor , D(T) , at the regular hypersurface T = 0 in *M. 
Two noteworthy features of the definition of an IS are that it is coordinate-
independent , as well as being independent of the EFE, and hence of the source of 
the gravitational field. 
The conformal factor in the definition of an IS is not unique, as will be proven 
in the following Proposition. 
8 2. vVhat is an Isotropic Singularity? 
Proposition 2.1.1 
The conformal factor associated with a particular IS can be multiplied by a factor 
of ek(T) 
' i.e. , D(T) = ek(T)rz(T), (2.1) 
·where k(T) is a C3 function of Ton IR, and still satisfy the conditions of the definition 
of an IS. 
Proof. An outline of this proof ·was given by Goode and "\i\lainwright [5]. If the 
space-time (M, g) admits an IS , then there exists a conformally related space-time 
(*M , *g) which satisfies the conditions of Definition 2.1.1. We now create a second 
unphysical space-time (*M, *g) from the given unphysical space-time (*M, *g) by 
using the same manifold *M and a metric *g which is conformally related to *g by 
the conformal factor ek(T), where k(T) is a C3 function of Ton IR, i.e. , *g = e2k(T)*g. 
Note that the cosmic time function T on *M is the same for both (*M , *g) and 
(*M, *g). The metric g of the physical space-time ( M , g) is related on M to the 
metric *g of the second unphysical space-time (*M, *g) by the conformal factor 
fl = ek(T)fl, i. e., g = D2 (T)*g . Figure 2.2 shows the relationship between the 
physical space-time and the two unphysical space-t imes. 
(M , g) (*M, *g) 
I ek(Tl 
(*M, *g) 
Figure 2.2: Relationship between the physical space-time and the two un-
physical space-times . 
Entities that exist in the second of the unphysical space-t imes , (*M *g) will be 
denoted by a star and an over-tilde , e.g. *A . 
"\\ e no\r check each of the conditions outlined in Definition 2.1.1. 
1. M is still the open submanifold T > 0 of *M. 
2. g = 02 (T )*g on M : vi here *g = e-2k(T)*g. Since *g is at least C3 and non-
degenerate on an open neighbourhood of T = 0, and e-2k(T ) is a C3 positive 
function of T on IR, it follo,Ys that *g is at least · C3 and non-degenerate on an 
open neighbourhood of T = 0. 
3. The relationship bet\Yeen the conformal factor r2 and the conformal factor 
D i giYen by O = ek(T ) D.__ v'ie kno,, that D.. (O) = O and 3 b > 0 such that 
D.. E C0 [o, b] n C3 (0, b) and D(O, b] > 0. Clearl 0 (0) = 0, and since ek(T) is a 
C3 po itiYe func ion of Ton DE c 0 [o, b] n C3 (0, b] and 0(0 b] > 0. 
2.1. Classification definitions and relationships 
4. 
L(T) n"n (D')2 
n"n + 2D'Dk' + n2 k" + 0,2 (k') 2 
(D' + Dk') 2 
n"n + 2k' Sl + k" (Sl) 2 + (k')2 (Sl) 2 (S1')2 D' D' fl' 
[1 + i0 k']2 
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(2.2) 
(2.3) 
(2.4) 
It was shovvn by Scott [14] that limr-+o+ i0 = 0. Now k(T) is a C 3 function 
of T on IR, and so k' i0 -+ 0 and k" ( i0) 2 -+ 0, as T -+ o+. It follows that 
- n"n 
L(T) = (!.1') 2 [1 + o(l)] as T--+ o+, (2.5) 
and therefore 
lim L(T) = lim L(T) = ,\ (# 1). 
T-+O+ T-+O+ 
(2.6) 
The conditions for (*M, *g) to be an unphysical space-time conformally related to 
(M, g) have novv been satisfied. D 
The velocity dominated singularity has been defined by Eardley, Liang, and 
Sachs [11, 12]. 
Definition 2.1.3 (Velocity dominated singularity) Assume that vve have an 
irrotational , barotropic, perfect fluid solution of the EFE. We further assume that 
the equation of state is a 1 -law. The metric can then be written in comoving 
coordinates as , 
ds2 = -e2v(t ,x' )dt2 + ga13 (t, x' )dxadx13 . (2.7) 
The field velocity is defined by 
a - l a,a K 13 = 2g tg,/3 . (2.8) 
Kl can be split into traceless and isotropic parts : 
Ka a l c5a (2.9) L 13 + - 13 K, /3 3 
K Ki= Bt(ln w) , (2.10) 
1 (2.11) w (det jga13 l) 2 ==> L~ = 0, 
and let 
L 2 Li L~ > 0. (2.12) 
We also define the bang-time function , 0t(x1 ) , to be the time, t , at which curvature 
invariants become infinite, i.e. the time at vvhich there is a curvature singularity. The 
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bang-time function is assumed to be C00 and the three-dimensional differentiable 
manifold constructed by it is called the singularity. 
Let 9cxf3 with corresponding k 3, f) and bang-time function ai = at be an exact 
perfect fluid solution. Suppose there is another gcxf3 which in some neighbourhood 
of at satisfies 
l. gcx(3 = g(3cx, sgn (gcx(3) = 3 
2. 3Kff = ! gcx, atg,(3 
s. t. [ at + ( 2 - ry) K] Li = 6 $ ( i [ at + ! ( 2 - ry) K] K + ! ( 2 - ry ) L 2 ) 
3. there exists some component, say W, of gcxf3, such that for fixed x' and t --t at , 
(Kff - Kff) (Kt K~) --t 0, 
ZJ - V --t 0, 
(9cx(3 - gcx(3 )w-l --t 0, 
then we call 9cx f3 "velocity-dominated'' and call gcxf3 its first approximation. 
(2.13) 
(2 .14) 
(2 .1 5) 
The set of space-times which admit an IS is not a superset of the set of space-
times ·which possess a velocity dominated singularity. This can be seen from the fact 
that the singularity in an IS takes place simultaneously in the whole space, but the 
singularity in a velocity dominated singularity has a non-simultaneous bang-time 
function in general. 
The definition of a velocity dominated singularity restricts it to perfect fluid 
space-times. The IS does not have t his restriction , thus there exist space-times 
which admit an IS which are not velocity dominated. 
Eardley, Liang, and Sachs [1 1] have shovvn that all dust FRW models have a 
velocity dominated singularity. In Chapter 6 it is shown that not all dust FRW 
models have an IS , therefore there exist singularities t hat are velocity dominated 
but not an IS. 
The advantage of the IS over the velocity dominated singularity is t hat the IS 
can be used on a wider class of cosmological models than just irrotational barotropic 
perfect fluids. 
2.2 Fluid flow 
The definition of an Isotropic Singularity, as it stands allows cosmological mod-
els to admit an 'isotropic'' singularity whose singularities are, in no sense, actually 
isotropic or quasi-isotropic , or Friedmann-like [30 , 5]. For example, the exact vis-
cous fluid FRW cosmology of Coley and Tupper [31] can be shovvn to have an IS [5], 
and yet the shear and acceleration of the fluid flo-w are not dominated by its expan-
sion as the singularity is approached, as one vvould expect with a Friedmann-like 
singularity. The fluid congruence is not regular at the IS in the Coley-Tupper mod-
els, ho,vever ,vhich motivated Goode and vVainwright [5] to include t he following 
additional definition relating to the fluid flow. 
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Definition 2.2.1 (Fluid congruence) With any unit timelike congruence u in 
M we can associate a unit timelike congruence *u in *M such that 
*u = nu in M. (2 .16) 
(a) If we can choose *u to be regular (at least C3 ) on an open neighbourhood of 
T = 0 in *M, we say that u is regular at the isotropic singularity. 
(b) If, in addition, *u is orthogonal to T = 0, we say that u is orthogonal to the 
isotropic singularity. 
It is the requirement that the fluid flow be regular at an IS ( condition ( a) of . 
Definition 2.2.1), which ensures that the appropriate kinematic quantities behave 
as one would expect as an "isotropic" singularity is approached [5]. In the remainder 
of this thesis, unless stated otherwise, it will be assumed that any space-time which 
admits an IS has a fluid flow which is regular at the IS. 
It should be noted that, in relation to Proposition 2.1.1, if the fluid congruence 
u is regular at an IS, then *u = nu ( on M) can be chosen to be at least C3 on an 
open neighbourhood of T = 0 in *M. Since k(T) is a C 3 function of Ton JR, then 
*ii= e k(T)*u is also at least C3 on an open neighbourhood of T = 0 in *M. It follows 
that u is also regular at the IS associated with the second unphysical space-time 
(*M , *g). 
In the following proposition we demonstrate how the freedom in the choice of 
conformal factor associated with an IS (see Proposition 2.1.1) can be used to ensure 
that the unphysical expansion scalar *() is zero when evaluated at a given point p in 
*M with T > 0. Goode and Wainwright [5] have previously examined the case of an 
irrotational barotropic perfect fluid model which admits an IS at which the fluid flow 
is regular , and the fluid flow is orthogonal to the family of spacelike hypersurfaces 
defined by T = constant, where T is the cosmic time function , and shown that the 
unphysical expansion scalar *() is constant ( with zero as one possible choice) on the 
T = 0 hypersurface. Proposition 2.2.1 shows that a conformal factor can be chosen 
which sets *() = 0 everywhere on this hypersurface. 
Proposition 2.2.1 
Suppose that the space-time (M , g) admits an IS at which the fluid flow u is regular. 
Let p be a point (vvith T > 0) in the conformally related unphysical space-time 
(*M , *g). Then by the suitable choice of a new conformal factor D (see Proposition 
2.1.1) we can ensure that 
(2.17) 
Proof. This proposition is proven in Chapter 4 D 
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2.3 Review of known results 
The body of work on the IS is still small enough such that a complete review of 
all known work is possible. As indicated at the start of this chapter , the IS was first 
defined by Goode and Wainwright in 1985 [5]. This seminal paper by Goode and 
Wainwright contains not only the definition of an IS but is a rich source of infor-
mation on the limiting behaviour of many geometric and kinematic quantities at an 
IS. Scott [15, 6, 14] has removed some redundancy from the Goode and Wainwright 
definition and it is this revised definition that is used throughout this thesis. In 
1993 Newman [16 , 17] defined a singularity, called the conformal singularity (CS) , 
which has much in common with the IS. The CS requires that the conformal factor 
D be a C 00 function on an open neighbourhood of the CS as opposed to the IS vvhich 
requires that the conformal factor only be a C 3 function on the interval (0 , b E JR+]. 
Furthermore the CS definition does not require condition 4 of Definition 2.1.1 of 
the IS. As a consequence of these differences in definitions, certain differences in 
results arise. For example , if a perfect fluid space-time has a limiting , -law equa-
tion of state at a CS then , = ! whereas the only restriction on , at an IS is that 
, > ~. Given that the CS seems to have more restrictive results we will confine our 
attention in this thesis to the IS. 
Until 1996 the only problem tackled with great success in this field was the 
vorticity problem. Goode [18] has shown that a perfect fluid with an exact , -law 
equation of state ( and 1 < , < 2) which has regular fluid flow at an IS must be 
irrotational. Scott [14 , 15, 6] has extended this result to barotropic perfect fluids 
with -1 < ,\ < 1. This result is hereafter referred to as the General Vorticity Result 
(CVR). 
As well as establishing the CVR in [14], Scott also discusses and amends the 
definition of an IS and finds the restrictions on the conformal factor ( see Section 
5.1.1 ). Amongst other results , Scott proves that a perfect fluid space-time which 
admits an IS must have a limiting , -law equation of state , and the behaviour of the 
acceleration potent ial for these space-times is derived. 
An idea vvhich has often been linked with the concept of an IS [5 , 19 , 6, 7, 
17] is t he Weyl curvature hypothesis [4]. The Weyl curvature hypothesis can be 
non-rigorously stated as "the natural thermodynamic boundary condition for the 
universe is t hat the Weyl t ensor should vanish at any initial singularity" . We note, 
see for example Table 7.1 , t hat the FRW models are the only known models 'that 
satisfy t he Weyl curvature hypothesis which leads us to what is known as the FRW 
conjecture (FRvVC) [19, 6, 5, 7]. 
Conjecture 2.3.1 (FRWC) 
If a space-t ime is 
1. a C3 solut ion of t he Einstein fi eld equations with a barotropic perfect fluid 
source, 
2. t he unit timelike fluid congruence is regular at an Isotropic Singularity, and 
3. t he Weyl Curvature Hypothesis holds, 
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then the space-time is necessarily a Friedmann-Robertson-Walker model. 
The FRW conjecture is a specialisation of the initial value conjecture (IVC) 
[5, 20, 21, 7]. 
Conjecture 2.3.2 (IVC) 
Specification of the metric on the space-like hypersurface T == 0, together with a 
barotropic equation of state, determines a unique solution of the EFE with perfect 
fluid source that admits an IS. 
In 1990 Goode [22], with the additional condition of geodesity, reduced the 
problem of proving the FRWC to solving an existence/uniqueness problem. 
At the same time Tod [20, 21], with the additional conditions of an exact , -law 
and a specific conformal factor, also reduced the problem of proving the FRWC to 
solving an existence/uniqueness problem. Recently Anguige and Tod have followed 
on from this initial work. In [23], Anguige and Tod show that by assuming a 
particular form for the conformal factor and restricting ones attention to polytropic 
perfect fluids, with 1 <, < 2, then the IVC can be shown. To show the IVC in the 
dust case, 1 == l , they also assume a Bianchi type symmetry. With regards to the 
FRWC, their result can be stated as follows. 
Proposition 2.3.1 
If a space-time (M,g) 
1. is a C 3 solution of the Einstein field equations with a barotropic perfect fluid 
source, 
2. the unit timelike fluid congruence is regular at an Isotropic Singularity, 
3. the Weyl Curvature Hypothesis holds, 
4. the conformal factor [2 is given by [2 == T 3-/-2 , 1 > j, and 
5. has an exact , -law equation of state with 1 < , < 2, 
then (M, g) is a FRW model. 
Anguige and Tod have also recently shown, assuming a particular form for the 
conformal factor , that the IVC holds in the case of spatially-homogeneous massless 
collisionless gas cosmologies [24]. Anguige [25] has also extended this result to the 
inhomogeneous case. 
In 1992 Goode, Coley, and Wainwright published a paper [7] which examined 
the IVC, the Weyl curvature hypothesis and a gravitational entropy function, and 
presented a conjecture regarding a characterising feature for the IS (see Chapters 6 
and 9 for further discussion on this). 
Tod [26] has published an interesting review paper on the IS. This paper contains 
examples of space-times with an IS , a discussion of the Weyl curvature hypothesis , 
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and a discussion of Mach's principle in relation to the IS. Recently Nolan has pub-
lished a paper [27] showing that along timelike geodesics, that the Jacobi fields are 
crushed to zero length at a rate which is the same in every direction orthogonal to 
the geodesic. 
Various examples of space-times ·which admit an IS have been presented in the 
literature and a discussion of these forms Chapter 7. Much of Chapter 7 has been 
published in [28]. 
Papers published by the author are detailed in Section 1.1. 
Chapter 3 
Physical quantities, unphysical 
quantities, and coordinates 
In this chapter the relationship between various physical quantities and the as-
sociated unph) sical quantities is determined. Both geometric quantities , such as 
the Riemann tensor, and flo-w quantities , such as the shear tensor , are examined. 
Coordinate systems are defined , and the expressions for various unphysical quanti-
ties , in comoving normal coordinates , are developed. The chapter concludes vvith an 
examination of unphysical entities in comoving normal coordinates ,\ hen a perfect 
fluid is the physical source. 
3.1 Relationship between physical and unphysi-
cal quantities 
B) definition (see Chapter 2) t he metric , *g, of the unphysical space time, 
(*M , *g), and the velocity field of the unphysical fluid fiovv, *u , are related to the 
metric , g, of t he ph) sical space-time, (M , g) , and velocity field of the physical fluid 
flo,v , u by : 
gab (3 .1 ) 
(3.2) 
From these definitions the relationships bet,, een physical and unphysical entities 
can be deri, ed for both geometrical quantities and fio"\\ quantities. The next t';\ o 
subsections present these relationships without proof as t he proofs are usually short 
and repetitive. Definitions of the geometrical and fio,v quantities used in the fol-
lowing sections are pro, ided in .Appendix /\. 
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3.1.1 Geometrical quantities 
gab 
c5b 
a 
*'!/abed 
*r,ab 
'I cd 
*n cd 
, ,ab 
* 
'!J abed 
*fc ab 
re ab 
Rab cd 
R 
where 
n-2*Rab ~d + c5[a[cKb] d] 
Kb = 8D-4D * brD -4D-3* brD*· -2n-4c5bn * fro d ,d g ,r g ,rd d ,f g ,r 
n-2*Rb d + 4D-4D,d *gbrD ,r - 2D-3*gbrD*;rd 
-D-4c5bD * Jrn _ n-3* Jrn* c5b d ,J g ,r g ;fr d 
n-2*R - 6D- 3*gabD*;ab 
*Ca bed 
where W 2 - cabcdc 
- abed 
3.1.2 Flow quantities 
* U a n - 1 Ua 
* * b U a U U aUb 
*h ab n - 2 h ab 
*h a b h b 
a 
*h ab D 2 h ab 
* Ua"'·b 
' 
n -
1
ua ;b + n - 1 (ln D) ,a Ub - n - 1 (ln D) ,dud g ab 
* n - l U[a; b] - n - lU[a (lnD) ,b] U[a'";b] 
* n -
1
U(a ;b) + n - 1u(a(lnD) ,b) - n - 1 (lnD) ,dudgab U(a ~;b) 
* n -1 Wab Wab 
* ab D 3wab w 
* a D wab w b 
*wa D 2wa 
* Wa Wa 
*w2 [t2 w2 
(3.3) 
(3.4) 
(3.5) 
(3.6) 
(3.7) 
(3.8) 
(3.9) 
(3.10) 
(3.11) 
(3.12) 
(3.13) 
(3.14) 
(3.15) 
(3.16) 
(3.17) 
(3.18) 
(3.19) 
(3.20) 
' (3.21) 
(3.22) 
(3.23) 
(3.24) 
(3.25) 
(3.26) 
(3.27) 
(3.28) 
(3.29) 
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e 
e 
* a 
a b 
*a2 
A 
B 
fl- 1 eab - fl-l hab(ln fl) dud 
) 
fl*Bab + fl*hab(ln fl) d *ud 
) 
fl-l*eab + fl-l*hab(ln fl) d *ud 
) 
fle - 3fl(ln fl) dud 
) 
fl- 1*e + 3fl-1 (ln fl) *ud 
,d (~t ((~,)2*6 + 3(L - 2)(T,aV)2 
n-l 
~t, CYab 
fl3 aab 
flaab 
fl2a2 
+~(3T.. *ua*ud + 3T *ud - *G(T *ua)) ) fl' ,ad ,a ,a 
Ua - ha b (ln fl) b 
) 
(3.30) 
(3.31) 
(3.32) 
(3.33) 
(3.34) 
(3.35) 
(3.36) 
(3.37) 
(3.38) 
(3 .39) 
(3.40) 
(3.41) 
*ua + *ha b (ln fl) b (3.42) 
) 
*Eab (3.43) 
*Hab (3.44) 
fl- 3 [~a+ 2*hab (fl-lfl *;bc - 2fl-2fl ,bfl ,c) *uCJ (3.45) 
fl- 2 [~cd-2 (fl- 1fl *;ab-2fl- 2fl ,afl ,b) (*hac*hbd_! *hab*hcd)] (3.46) 
n-2 [ ( ~) 
2 
[3(VT,a)2+(1-2L )*habT,aT,b] - 2 ~ *hab y •;ab+*A] (3.47) 
0-2 [ (~r ( (1-2L)(VT,a)2+ ~(1+4L)*habT,aT,b) 
+ 2 fl' (? *hab y . _ 3* a* by . ) + *B] ,.., "'·ab U U "'·ab 3 fl ) ' (3 .48) 
3.2 Coordinates 
For some of the proofs in this thesis normal coordinates are used . In this section t 
vie ,~ ill define exact(> ,vhat is meant by the terminology normal coordinates; comov-
ing normal coordinates; and synchronous comoving coordinates and t hen examine 
, arious physical and geometric entities expressed in these coordinates . 
tThis section is based upon [52, pp516 )552 715-717] and [53]. 
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3.2.1 Coordinate systems 
Definition 3.2.1 (Normal coordinates) If the coordinate system, (t, xa), has the 
property that the normals to the hypersurfaces of constant t, i. e. it, are orthogonal 
to the spatial coordinate derivatives , gxa , then the coordinates are called normal 
coordinates. 
Since normal coordinates have ~t orthogonal to gxa, ie 9oa = 0, we can express 
the metric in the form 
ds 2 = - ( 1 ) 2 dt2 + 9cx f3 ( t, x') dxcxdx13 . F t ,x1 (3.49) 
Definition 3.2.2 ( Comoving coordinates) Suppose that there is a fluid filled 
space-time with fluid velocity ua. Choose any space-like hypersurface, and call 
it S. Consider the integral curves of ua which intersect S and let t be the time 
coordinate measured in some arbitrary manner along the curve. It is possible, by a 
shift of origin, to arrange for all events on S have the value t = 0. A grid of space 
coordinates (x1 , x2 , x 3 ) is assigned to S in any manner desired. This coordinate 
system is extended beyond the hypersurface S by assigning, to every event on 
a given fluid flow line, the coordinates, ( x1 , x2 , x 3 ), that the flow line has at its 
intersection with the hypersurface S. Note that in this coordinate system the fluid 
is always at rest w.r.t. the space coordinates (by construction) . Thus we can say 
that the space coordinates are comoving. 
Definition 3.2.3 ( Comoving normal coordinates) If a coordinate system is 
both a normal coordinate system and a comoving coordinate system, it is called a 
comoving normal coordinate system. 
Definition 3.2.4 (Synchronous coordinates) Synchronous coordinates are co-
moving normal coordinates that have the same proper time, as measured along all 
flow lines, between any two t = constant hypersurfaces. 
Thus synchronous coordinates are comoving normal coordinates but comoving 
normal coordinates are not necessarily synchronous. Since, in synchronous coordi-
nates , t he proper time as measured along flow lines cannot depend on the spatial 
coordinates, the metric in synchronous coordinates can be written 
(3 .50) 
A ne\v time coordinate, i, can then be chosen such that the metric can be expressed 
in the form 
ds2 = -d{2 + ga/3 (t, x1 )dxa dx13 . (3.51) 
The normalised fluid flovv in synchronous coordinates, (t, xa), is 
(3 .52) 
Note that this flovv is irrotational and geodesic. 
3. 2. Coordinates 
Thi s fl ow line 
has coordinates 
xl=9,x2=3 
-I =9 --'t~-4-
xl =8 --t-r,--1._ 
xl= 7 
t=I 
The third spati al 
dimension has 
been suppressed 
t=O 
Figure 3 .1: Comoving coordinates 
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It should be noted t hat for a given fluid filled space-t ime it isn 't ahvays possible 
to choose eit her normal or synchronous coordinates . For example, any space-t ime 
with a fluid source ·where t he flow has non-zero vorticity will not have a global 
normal coordinate system based on t he flow lines . Hov\rever , it is always possible to 
choose locally a normal coordinate systems on a small enough neighbourhood of a 
given fl ow line. 
The follo·wing t heorem ([53] accredits t his t heorem to Ehlers [54] and Taub [55]) 
gives t he metric, in comoving coordinates , for a perfect fluid v\ it h an acceleration 
potent ial. 
Theorem 3.2.1 
Gi, en a perfect fluid y\rit h an acceleration potent ial r , there exist local comoving 
coordinates such t hat t he metric has t he form 
ds2 = - r 2 (~") ( dx
0 + y(x2 , x3)dx3 ) 2 + 12 (xb) f a/3 (xc) dx0 dxf3, 
and t he fluid fl ovv , ector is 
(3 .53) 
(3.54) 
In t hese coordinates t he shear is given by CJ a/3 = ~ l2 f a/3 ,o t . Note that if w = 0 
t hen y can be set to zero, and w # 0 ===} y # 0. _Also note t hat for geodesic 
systems t he acceleration potent ial can be set to be r = l. 
tThe expression in [56, p24] is incorrect. 
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3.2.2 Quantities in normal coordinates 
Note that although the * refers to the unphysical space-time, the expressions in 
the following two subsections are valid for any space-time using normal coordinates . 
In the third subsection it is further assumed that the normal coordinate system is 
comoving with an irrotational timelike congruence. The function F used in this 
section is defined in Equation (3.49). 
Christoffel symbols 
Ricci tensor 
*R oa = 
*R oa. 
T abc 
Toao 
T Oo.(3 
T o.00 
T o.(30 
To aO 
~a * da~ 
l cb = g l deb 
1 * oo * F,a ( ) 
2 g goo ,a = - F = - ln F ,a 
1 * 00 * p2 * 
2 g go.(3, 0 = 2 go.(3,0 
! *ga. f3 *g - - *ga. f3 F ,13 2 00 ,(3 - p3 
1 * o.,* 
2 g g,(3,0 
1 * o.v (* * * ) 2 g gv(3,, + gv,,(3 - g(3,, v 
-(*ga.f3 F p-3) _ ! ( *ga.f3*g ) _ F,o * a.f3* 
,/3 2 a.f3 ,o 2F g g a. f3 ,o 
,o. ,0 
_ *g/3, F,, T a. * a.f3 F ,a. F,13 l * * . * a.,* f3 v p 3 o.(3 - g p 4 - 4 g ,(3,0 gvo., O g g 
! (* vµ* ) 1 (* vµ* ) 1 F ,o. * vµ * 2 g g µo.,O ,v - 2 g g µv,0 ,o. - 2 F g g µv,0 
+ ! F ,v * vµ* l Tv * , µ * . 1 Tv * , µ * 2 F g g µo.,O + 2 v , g gµo., O - 2 o., g gµv,0 
F 2 F F F F F 2 
_ * + ,o.(3 - 2 ,o. ,(3 ,v T v * v ,* * 2 go.(3,00 F p 2 - F (30. - 2 g g (3 v ,0 g , o. ,O 
p 2 
(3.55) 
(3.56) 
(3.57) 
(3.58) 
(3.59) 
(3.60) 
(3.61) 
(3 .62) 
(3.63) 
(3.64) 
(3.65) 
(3 .66) 
(3.67) 
(3.68) 
+ - *~* * T v Tv ~v ~µ ~v ~µ 4 g g v,,0 g o.(3,0 + (30.,v - v o.,(3 + 1 vµ l (3 0. - 1 (3 µ l vo. 
(3.69) 
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Flow quantities 
Given a space-time (*M, *g) with comoving normal coordinates, (T, xa), and a 
unit comoving fluid flow *ua we define a function F by, 
* p-1r Ua = - a· 
' 
(3. 70) 
We note that the function F is thus the same as defined in Equation (3.49). Thus 
* p-1 Uo = -
*ua = 0 
*u0 = F 
*ua = 0 . 
Using this definition of F 
*" Uo*·O 
' 
*" Uo *;/3 
*' Ua *·O 
' 
* ' Ua*; /3 
* " C 
U *·c 
' 
1 
F ( - *gabT T ) 2 ,a ,b 
* 900 
-F2 
-F-2 
1 * 00 
- 2F 9 ,a 
p3 
* 
2 900 ,a 
*hoo = 0 *hoo = 0 
*h - *h - O*hoa - *hao - 0 Oa - aO - - -
*h * a/3 = 9 a/3 
*ilo = 0 
* " F ,a . Ua = - -
- *9a/3 F ,aF ,/3 
F4 
1 F ,a * a,* 
2 F 9 9,/3,o 
F 
*" 0 0 u = 
*ho o = 0 
*h0 - *ha - 0 a - 0 -
*ha /3 = 6~ 
F FF lF 
_ ,ao + ,a ,0 + ,/3 * /3,* F p2 2 F 9 9,a,0 
F 13 FF F 
,a + ,a ,/3 + ____:!!:_ Tµ 
F F 2 F a/3 
FF F F F 
2*9a/3 ,a ,/3 *9a/3 _j}_ _ *9a/3 ,a/3 * /3, ,, Ta p2 ,a F F - 9 F a/3 
(3.71) 
(3. 72) 
(3.73) 
(3.74) 
(3.75) 
(3. 76) 
(3. 77) 
(3. 78) 
(3. 79) 
(3.80) 
(3.81) 
(3.82) 
(3.83) 
(3.84) 
(3.85) 
(3.86) 
(3.87) 
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*[) F * aJ3* 2 g ga.(3,0 (3.88) 
*[) F ( F* o/J ) * F
2 
* o/J * (3.89) ? g ga/3,0 + 2 g ga/3, 00 .:.., ,0 
*[) a/3 F * 2 ga/3,0 (3.90) 
*[)aO 0 (3.91) 
* 
F * F * * µv* (3.92) O" a/3 2 g a/3,0 - 6 g a/3 g g µv ,0 
* 0 (3.93) O" aO 
* 2 1 ( F2, * * O /H /Jv F
2 (* µ.v. )2) (3.94) (]" 
2 4 ga/3,0 g µv ,0 g g - 12 g g µv ,0 
* 0 (3.95) u)ab 
* 0 (3.96) Wa 
* 2 0 (3.97) w 
~o 0 (3.98) 
~Ci F*Rao (3.99) 
~ao 0 (3.100) 
~a/3 *R 
1
* *Rµ a/3 - 3 ga/3 µ 
(3.101) 
*E ao 0 (3.102) 
*H ao 0 (3.103) 
3.3 Perfect fluid physical source 
Let the space-time (M, g) be a C 3 solution of the EFE with a perfect fluid 
source, given in comoving normal coordinates. If (M , g) admits an IS at which 
the unit t imelike fluid congruence is regular then the following relationships can be 
found. 
The Ricci tensor in the unphysical space is 
*R *R aO = Oa (3 .105) 
(3.106) 
The unphysical shear and acceleration are related to the unphysical geometric 
3.3. Perfect fluid physical source 
quantities by 
1. 
2. 
Proof 1: This vvas first shovvn by Goode and Wainvvright [5]. 
From Equation (3.46) we know that 
23 
(3.107) 
(3.108) 
Novv a perfect fluid has I: cd = 0, and in normal coordinates D,a D'T,a, and 
D*;ab = D' [T*;ab + L~ T,aT,b], DI- 0 for TI- 0. Thus 
In normal coordinates ~ao = 0, and noting that *hab = c5g,, the nontrivial compo-
nents are 
~a(3 
But 
* _ F * F * * µv* 
a a(3 - 2 9a(3, 0 - 6 9a(3 g 9µv ,o, 
thus 
~ FD' . 
·~a(3 = -2 D >f.aa,B · 
Since both ~ao = 0 and *a ao = 0 the result is proven. 
Proof 2: This was first shown by Goode and vVainvvright [5] . 
From Equation (3.45) v,e know that 
No,, a perfect fluid has I:a = 0 hence in normal coordinates 
( [ 
{)/ [ {)/] 2 ] ) · a _ * ab - l , (I e, • (I e, * c ~ - -2 h D D T *·cb + L-TbT c - 2 - TbT c U . 
' D ' ' D ' ' 
(3.111) 
(3 .112) 
(3.113) 
(3 .114) 
D 
(3.1 15) 
(3.116) 
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In normal coordinates *I:0 = 0, and noting that *ua = 0, the nontrivial components 
are 
Since both *I:0 = 0 and *u0 = 0 the result is proven. 
(3.117) 
(3.118) 
(3.119) 
(3.120) 
D 
Chapter 4 
Initial conditions 
One of the methods that we would like to employ in determining the properties 
of space-times that possess an IS, is to examine the propagation equations for kine-
matic quantities in the unphysical space-time. In order to solve the propagation 
equations, initial conditions are required at the IS. In this chapter initial conditions 
are found for various entities. At first we will only require that the fluid flow be reg-
ular at the IS. In later parts of the chapter we will examine the case of a comoving 
perfect fluid flow in normal coordinates as the T = 0 hypersurface is approached. 
4.1 General 
In this section it will be assumed that the space-time (M , g) admits an IS at 
which the unit timelike fluid congruence, u , is regular. We will impose no further 
restrictions on the flow. 
4.1.1 Expansion scalar 
We can in general specify the value of the unphysical expansion scalar, *(), at 
one point. This freedom is specified precisely in the following proposition. 
Proposition 4.1.1 
Suppose that the space-time (M, g) admits an IS at which the fluid flow u is regular. 
Let p be a point (with T > 0) in the conformally related unphysical space-time 
(*M, *g). Then by the suitable choice of a new conformal factor D (see Proposition 
2.1.1) we can ensure that 
*81 = 0 p . ( 4.1) 
Proof. For this proof we will use the conformal structure detailed in the proof of 
Proposition 2.1.1. 
The expansion scalars () and *() for the two conformally related space-times 
(M, g) and (*M, *g) are related by 
D' 
*8 = S18 - 3 -T * a S1 ,a U . 
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(4.2) 
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The expansion scalar *B for the second unphysical space-time (*M, *g) is therefore 
related to the expansion scalar *() for the first unphysical space-time (*M, *g) by 
-
*() ek(T) *() - 3k'T *ua 
,a 
ek(T) [*() - 3k'T,a *ua], 
(4.3) 
(4.4) 
where this relationship is valid on M (i.e. , on *M for T > 0), as well as on an open 
neighbourhood of T = 0 in *M. Thus, for p E *M (with T > 0), we can arrange to 
have *BIP = 0 by choosing the function k(T) such that 
k'I - ! *elp 
T(p) - 3 (T,a *ua) IP , (4.5) 
noting that T,a *ua # 0. D 
4.2 Orthogonal time-like congruence 
In this section it will be assumed that the space-time (M, g) admits an IS at 
which the unit timelike fluid congruence, u , is both regular and orthogonal. 
4.2.1 Vorticity 
Goode [18] has shown that when the congruence u is both regular and orthogonal 
to the IS , it is possible to determine the behaviour of the vorticity vector, *w, on 
an open neighbourhood of T = 0 in *M. The following lemma and outline of proof 
due to Scott [14] is a rephrased version of the original lemma and proof given by 
Goode. 
Lemma 4.2.1 
If 
(1) t he space-time (M , g) admits an IS , and 
( 2) u is a unit timelike congruence in M , and *u 
congruence in *M , and 
(3) u is both regular at and orthogonal to the IS , 
t hen 
Du is the corresponding 
(i) t he vort icity *w of t he *u congruence is zero at T = 0, and further , 
(ii) 3 an open neighbourhood of T = 0 in *M on which *wa = T\wa, where \ wa 
is at least C 1 . 
Proof. (i) is most readily proved using normal coordinates (T, x 1 , x2 , x 3 ) based on 
the hypersurf ace T = 0. 
(ii) then follows since *wa is at least C 2 on an open neighbourhood of T = 0 in 
~ - D 
4.3. Perfect fluid with orthogonal flow 27 
4.3 Perfect fluid with orthogonal flow 
In this section it will be assumed that the space-time (M, g) is a C3 solut ion of 
the EFE ·with perfect fluid source and admits an IS at ·which the unit timelike fluid 
congruence , u , is regular. By Lemma 5.3.2 we knuw t hat the fluid flow must also 
be orthogonal to the IS. We ~Nill further assume that the fluid flow is orthogonal to 
t he T = constant hyp ersurfaces. 
Goode and vVainvvright [5] have examined the initial condit ions for many ent it ies 
in the unphysical space-time (*M , *g). A. selection of these results are summ arised 
in Table 4.1. The coordinate system used for the results presented in this section is 
t he comoving coordinate system generated off the T = 0 hyp ersurface. 
*ualT=O = 0 
*a- ab JT=O = 0 
*{) ,ex 'T=O = 0 
*HablT=O = 0 
Table 4.1: Selection of initial conditions from [5, 18]. 
Note t hat under these assumption *() ,ex lr=o = 0. From Section 4.1.1 vve knovv that 
vve can choose a point p E *M vvhere T > 0, such that *GIP = 0. If we choose p to 
lie on t he T = 0 hyp ersurface we thus obtain *() = 0 across the T = 0 hypersurface. 
4.3.1 Acceleration 
In this section ,ve ·will prove t he first of t he results in Table 4. 1. Of all the results 
in Table 4. 1 only t his proof vvill be presented as it V1 as independently derived by 
t he aut hor. It should be noted hov, ever that t he proof has previously appeared in 
Goode and vVain,vright 's seminal paper on t he IS [5]. 
Proof. In Chapter 3 it is shovvn t hat, for a perfect fluid matter source , in normal 
coordinates 
· a f"Y . a 
'Ti - ?F - "' . 
L..J -""" D u, 
hence 
* . a l D *"a u =-- L; . 
2F D' 
Since R, --+ 0 as T--+ o+ F I- 0 and ~a E C 1 this implies that 
*ua --+ 0 as T --+ o+. 
(4 .6) 
(4 .7) 
(4 .8) 
D 
In Chapter 3 t he fluid flo,v , elocity , ector is expressed in terms of a function 
called F. Using t he limit ing beha ·iour of the acceleration vector ·we can easily find 
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the limiting behaviour of the spatial derivatives of F. Expressing *ua in normal 
coordinates yields 
*" 0 0 u = 
' 
(4.9) 
Thus it is easily seen that 
Fa ---+ 0 as T ---+ 0 + . 
' 
(4.10) 
4.3.2 Other 
A term which is in many of the propagation equations is *uc*;c · Now 
* · c * · c T c * · d U *·c = U c + cd U , 
' ' 
( 4.11) 
and since *ud = 0 on T = 0 we obtain 
* ·c I *·O I *·a I U *;c T=O = U ,0 T=O + U ,a T=O · (4.12) 
Since *u0 = 0 VT (orthogonality to *ua), we obtain *u0 ,0 = 0 VT. Also since *ualr=o = 
0, we obtain *ua a= 0 on T = 0. Thus 
' 
*"C I 0 U *;c T=O = · (4.13) 
4.4 Choose *Blr=o == 0 
In this section it will be assumed that the conditions of Section 4.3 hold. In 
addition to those conditions we will further assume that vve have chosen *() = 0 across 
the T = 0 hypersurface. The coordinate system used for the results presented in this 
section is the comoving coordinate system generated off the T = 0 hypersurface. 
4.4.1 Expansion tensor and t ime derivative of m etric 
In this section vve will vve will find the limiting behaviour of both the expansion 
tensor and the time derivative of the spatial components of the metric. 
Proposition 4.4.1 
Assume that the space-time (M, g) is a C3 solution of the EFE with perfect fluid 
source and admits an IS at which the unit timelike _fluid congruence, u , is regular. 
vVe vvill further assume that the fluid flow is orthogonal to the T = constant hyper-
surfaces and that the limiting behaviour of the unphysical expansion tensor , *() has 
been chosen such that *()IT=O = 0. The limiting behaviour of the expansion tensor , 
*()ab, and the time derivative of the spatial components of the metric , *ga/3,0, are then 
given by 
*()ab, *ga/3 ,o ---+ 0 as T ---+ o+. (4 .14) 
4.4. Choose *Blr=o = 0 
Proof. The expansion tensor is related to the shear tensor by 
1 
Bab = Clab + -Bhab · 3 
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( 4.15) 
Since, as T -+ o+, *a ab -+ 0, and we have chosen *B -+ 0, then *Bab ---+ 0 as T ---+ o+. 
Note that both *a ao and *Bao are zero always in normal coordinates due to their 
orthogonality with *ua . In Chapter 3 it is shown that 
*B F * 
cx/3 = 2 g cx/3 ,0 
and since F # 0 this implies that 
4.4.2 Other 
( 4.16) 
( 4.17) 
D 
Using the other results detailed in this chapter , the follovving results are obtained. 
*R J - 1 (* µv* ) I 
• 00 T=O - - 2 g gµv ,00 T=O , 
• *Rocx lr=o = 0 · 
Proof. Examining the expansions in normal coordinates , and noting that 
F,cx -+ 0 and *gcx13,o -+ 0 as T ---+ o+ , the results are obvious. D 
P roof. Since *~a is orthogonal to *ua, ~o = 0 \IT in normal coordinates. Now 
from the definition of ~a (see Appendix A) , vve knovv that 
and since *R cxo -+ 0 as T -+ o+ t hen the required limiting value follovvs . D 
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Chapter 5 
General Properties 
This chapter is devoted to an examination of t he general properties of cosmo-
logical models vvhich admit an IS. Section 5.1 examines the allovved form of the 
conformal factor. In Section 5.2 t he issue of ,;vhether or not vacuum cosmologies 
can admit an IS is investigated . The concept of orthogonal fluid flovv is explored 
in Section 5.3. It has previously been shovvn in t he literature [5 , 14] that under 
certain conditions the matter source of a cosmological model must have a limiting 
-la, equation of state as an IS is approached. In Section 5.4 the conditions which 
enforce this behaviour have been generalised . The IS is shovvn to be a point-like 
singularit ;; as one vvould expect , in Section 5.5. In Section 5.6 the behaviour of the 
Hubble parameter is in\ estigated. The relationship betvveen the energy conditions 
and the IS is detailed in Section 5.7. The results of this chapter are summarised in 
Section 5.8. 
5 .1 Restrictions on the conformal factor 
From he definition of an IS. Definition 2 .1.1. ,ve see that the conformal factor. D 
J J I 
is not arbitrar} and in fact must satisf · certain conditions. Scott [14] has examined 
these conditions closel ; and has deri ed the exact form that D must possess. In 
Section 5 .1.1 "e summarise these results of Scott. In Section 5 .1. 2 "e present 
addi ional resul s that describe the limiting beha, iour of, arious ratios of D and its 
deri, a. i es , and also restrict he beha. iour of the derh ath es of the function H (T ) j 
·where H (T ) is defined in Lemma. 5.1.2. 
5.1.1 Restrictions on D from [14] 
The beha, iour of he conformal fac or D is res ricted by the conditions of an 
IS. Exac 1 ; ho"\"\ he beha, iour is res ricted is not obvious from Definition 2 .1.1. 
The follo ing lemma es ablishes ha. D must be a. strictl · monotonically increasing 
function. 
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Lemma 5.1.1 
If 
5. General Properties 
(1) the conformal factor D(T) satisfies condition (3) of the definition of an IS, and 
(2) limr-+o+ L(T) = A exists , 
then ::3 c E (0 , b] s.t. 
(i) L is continuous on (0 , c], and 
(ii) D is a strictly monotonically increasing function on [O , c]. 
The following theorem prompted one of the changes from Goode and Wain-
wright 's original definition of-an IS. The original condition ( 4) of the definition of 
an IS required that A < l. From the follovving theorem we see that the only other 
possible value that A could have , for which A 1- 1, is 1. Hence condition ( 4) was 
changed to require that A # l. 
Theorem 5.1.1 
If 
(1) the conformal factor D(T) satisfies condition (3) of the definition of an IS , and 
(2) limr-+o+ L(T) = A exists , 
then - oo < A < l. 
The second change to the original definition of an IS was prompted by the 
following corollary. The original definition required that limr-+o+ ~ (exists) = oo 
which , as seen in t he corollary, is redundant. 
Corollary 5.1.1 
If 
(1) the conformal factor D(T ) satisfi es condition (3) of the definition of an IS , and 
(2) limr-+o+ L(T) = A exists , and 
t hen limr-+o+ ~ (exists) = oo . 
As well as the global behaviour of the conformal factor D being restricted , the 
exact form of D(T ) is also restricted. The following lemmas establish exactly how 
t he form of D is restricted. 
5. 1. R estricti ons on th e conformal factor 
Lemma 5.1.2 
If 
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(1) t he conformal factor D(T ) satisfi es condit ion (3) and ( 4) of t he definition of 
an IS; and 
(2) ,,\ #- 0 or -oo, 
then 
(i) ln(D') ~ ,,\ ln(D) as T -+ o+ j and 
1 (ii) D(T) = H (T)T~ as T -+ o+ , 
vvhere ya = o(H ) and H = o(T-a), \/a E JR+ as T-+ o+. 
This le1n1na tells us t hat 
Thus 
Lemma 5.1.3 
If 
D.,' = 0.,->- [1+0(1)] 
D.,' -+ { 0 
+oo 
as T -+ 0 + for ,,\ > 0 j 
as T -+ o+ for ,,\ < 0. 
(5 .1) 
(5.2) 
(1) the conforn1al factor D(T) satisfies conditions (3) and ( 4) of the definition of 
an IS and 
(2) ,,\ = 0, 
then 
(i) ln (D') = o(ln(D)) as T -+ o+, and 
(ii) ln (O) ~ ln (T) as T -+ o+. 
5.1.2 Further restrictions on D(T) 
.1. \ well a re trictions on D there are also restrictions on ratios of D and its 
derivatives. In Goode 's paper on the vorticity result [18), the follo·wing lemma 
abou the ratio of Q and its fir t derivative ·was used but not pro, en . 
Lemma 5.1.4 
If the conforn1al fac or D(T) atisfies conditions (3) and ( 4) of t he definit ion of an 
IS and ,,\ #- - oo, then a T-+ o+ j 
a ~ (1 - ,,\)T, 
D' 
and 
ln(D) ~ ( 1 ) ln (T ) . 1- ,,\ 
(5.3) 
(5 .4) 
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Proof. As T-+ o+, 
D"D 
L(T) (D') 2 = ,\ + N(T) where N = o(l) . 
D.1 Let X = 0 . Thus 
X' 
X' 
..1Y2 
{TX' dT 
lo X 2 
[
-lJ X(T) 
D" (D') 2 2 n - 0 = (L-1)x 
(,\-l)+N 
(A-l)T+1rNdT 
(,\ - l)T + o(T) 
X X(O)=oo 
n 
D' ~ (1 - ,\)T. 
Using L'Hopital 's rule, noting that ln(T) -+ oo as T -+ o+, implies that 
ln(D) ~ ( 1 ) ln(T) . 
1-,\ 
Note that this lemma implies that , as T-+ o+, 
T l~A +o(l) and 
' 
l T I~>- -l+o(l) . 
1-,\ 
(5.5) 
(5.6) 
(5.7) 
(5.8) 
(5.9) 
(5.10) 
(5 .11) 
D 
(5 .12) 
(5.13) 
n" Following the above lemma, we can similarly establish a restriction on w. 
Corollary 5 .1. 2 
If the conformal factor D(T) satisfies conditions (3) and ( 4) of the definition of an 
IS and ,\ -/= 0 or -oo, then as T -+ o+, 
D" ,\ 1 
_l""v -
D' l""v (1-,\) T . 
Proof. 
L 
D"D 
(D')2 = ,\[1 + o(l)] 
D" D' 
,\0 [1 + o(l)] . 
Using the above lemma yields the required result. 
(5.14) 
(5.15) 
(5.16) 
D 
5.1 . Restrictions on the conformal factor 
This corollary tells us that 
fl" ~ A Tl~ >. -2+o(l) (1-,,\)2 . 
Thus , as T -+ o+, 
D" -+ { 0 
+oo 
as T -+ o+ for ,,\ > i , 
as T -+ o+ for ,,\ < ! . 
For the ,,\ = 0 case vve can state the following. 
Corollary 5.1.3 
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(5.17) 
(5.18) 
If the conformal factor D(T) satisfies conditions (3) and ( 4) of the definition of an 
IS and ,,\ = 0, then 
Proof. _As T -+ o+ , 
Using Lemma 5.1.4 implies that 
T = o (~:,) . 
D"D 
L (D') 2 = o(l). 
D" 
-T D' 
T 
o(l) 
(D') o D" . 
(5 .19) 
(5.20) 
(5.21) 
(5.22) 
D 
In Section 5.1.1 the form of D was found to be some·vvhat constrained. Specifically 
1 
D "\i\as found to be of the form D = H(T)T 1 - >- (see Lemma 5.1.2). We novv proceed 
to find the constraints on the derivatives of H (T) . 
Lemma 5.1.5 
If the conformal factor D(T) satisfies conditions (3) and ( 4) of the definition of an 
IS v,ith ,,\ # 0 or -oo then as T-+ o+, 
(H' )f3To: = o(l) where a E JR+, 0 < /3 < (_1_\ 1) a, (5 .23) 1->. 
and (H") 'lf; To: = o(l) ·where a E JR+, 0 < c/J < ( _1_ 1_j__ ?) a. (5.24) 
1-A 1 ,_, 
Proof. From Lemma (5 .1.2) v"\e knov"\ that 
1 
D(T) = H (T) T 1 ->- as T-+ o+ for ,,\ # 0 or - oo (5 .25) 
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where 
T 0 = o(H) and H = o(T-0 ), \/a E JR+ as T-+ o+. 
Thus 
D' 1 1 1 1 H'T 1->. + HT 1->. - and 
1-,,\ ' 
D," 1 2 1 ,,\ 1 2 H"T1->. + H'T1->. - 1 + HT1->. - . 
1-,,\ (1-,,\) 2 
Multiplying by T and T 2 respectively yields, 
D'T 1 1 1 1 H'T 1-J\ + + HT 1->. and 
1-,,\ ' 
D"T2 1 2 2 1 1 ,,\ 1 H"T 1->. + + H'T 1->. + + HT~ 
. 1-,,\ (1-,,\) 2 - . 
From Lemmas (5.1.2, 5.1.4) vve know that 
1 
HT1-J\ = o(l) , 
D'T = o(l) , 
which allows Equation (5.29) to simplify to 
o(l) = H'T12>. +1 + o(l) . 
Noting that O < _ 1_ 1 +la< a for -oo < ,,\ < 1, 
(1->.) 
===} (H')f3T 0 =o(l) asT-+0+, \/aEJR+, 
a E JR+ 
' 
1 0< (3< 1 a. 
(1->.) + 1 
For the second part of the proof, note that Corollary 5 .1. 2 yields 
D"T2 = o(l) . 
Equation (5.30) then simplifies to, 
o(l) = H"T 12>. +2 + o(l) + o(l) . 
Noting that O < 1 1 a < ~ for -oo < ,,\ < 1, 
(1->.) +2 
===} (H") 1/JT 0 = o(l) as T -+ o+, \/a E JR+, 1 0< ?/J< 1 a. 
(1->.) + 2 
(5.26) 
(5.27) 
(5.28) 
(5.29) 
(5.30) 
(5.31) 
(5.32) 
(5.33) 
(5.34) 
(5.35) 
(5.36) 
(5.37) 
D 
If ,,\ is greater than zero then the following lemma gives more restrictive condi-
tions on the derivatives of H(T). 
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Lemma 5.1.6 
If the conformal factor D(T) satisfies conditions (3) and ( 4) of the definition of an 
IS with,\> 0 then , as T-+ o+ , 
(H')f3Ta 
( H") ?j;Ta 
o(l) 
o(l) 
where a E JR+ 
where 
' 
0 < (3 < (1 - ,\)a , 
O< 'lj)< ( 11 )a. 
1-.\ + l 
(5.38) 
(5.39) 
Proof. This proof is very similar to the above proof. Since for A > 0, D' -+ 0 as T -+ 
o+ , and 1~>- - 1 > 0, Equation (5.27) becomes 
1 
o(l) = H'T1->- + o(l) . (5.40) 
Noting that (1 - ,\)a > 0 for a E JR+ 
===} (H')f3Ta = o(l) as T-+ o+ , Va E JR+ , 0 < (3 < (1 - ,\)a , A > 0 . 
(5.41) 
Using Corollary 5.1.2, Equation (5.28) becomes 
,\ D'[l + o(l)] 
1-,\ 
1 2 1 ,\ 1 
H"Ti->- +1 + H'Ti->- + 
2 
HTi->- - 1 (5.42) 
1-,\ (1-,\) 
H"T l~A +1 o(l) for A> 0 . (5.43) 
Noting that _1_1 +la> 0 for a E JR+ 
(1->-) 
5.2 Vacuum cosmologies 
1 
0 < 'lj) < 1 a, 
(1-.\) + 1 
(5.44) 
D 
If a solution of the Einstein field equations admits an IS, then it cannot be 
a vacuum solution t. This is easily seen by contrasting the fact that , globally, a 
vacuum solution satisfies 
(5.45) 
with the result, by Goode and Wainwright [5], that as an IS at T = 0 is approached, 
lim Rab Rab = 00. 
T--+O+ 
(5.46) 
In light of this result we henceforth confine our attention to fluid filled space-times. 
tThis result agrees with the analogous result, by Lifshitz and Khalatnikov [29 , p203], for the 
quasi-isotropic singularity. 
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5.3 Orthogonal fluid flow 
Many of the results in this thesis rely on the fluid flow being orthogonal to 
the IS. In this section we will establish conditions under which the fluid flow is 
automatically orthogonal to the IS. 
Lemma 5.3.1 
If a space-time (M , g) admits an IS at ·which the geodesic unit timelike fluid con-
gruence is regular then the fluid flow is also orthogonal to the IS. Furthermore , the 
fluid flow is orthogonal to the {T = constant} hypersurfaces on the open interval 
(0 , b) where bis some positive constant. 
Proof. t From Chapter 3 we know that the acceleration vector for the physical and 
unphysical fluid flows are related by 
D' 
. * . *h bT 
Ua = Ua + D a ,b · (5.47) 
This implies that 
(5.48) 
Thus 
(5.49) 
(5 .50) 
(5.51) 
Now for geodesic flows uaua = 0. On an open interval (0 , b) it is true that D > 0, 
and ~ --1 +oo. T hus it must also be true on (0 , b) that 
*h abT aT b = 0 
' ' ' 
(5.52) 
i. e. t he fluid flow is ort hogonal t o t he {T = const ant} hypersurfaces on the open 
interval (0, b). Since t he unphysical flow vector is C3 on an open neighbourhood of 
t he IS, we t hus conclude that t he unphysical fluid flow intersect s the {T = const ant} 
hypersurface ort hogonally. Hence t he fluid flow is ort hogonal to the IS. D 
T he following lemma is due t o Goode and Wainwright [5]. 
t A thesis examiner has noted t hat t his result can be more easily obtained by a simple extension 
of Theorem 3.3 in [5] 
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Lemma 5.3.2 
Let the space-time (M, g) be a C 3 solution of the EFE with imperfect fluid source 
with either vanishing heat fluxes or vanishing anisotropic stress. If (M, g) admits 
an IS at which the unit timelike fluid congruence is regular then the fluid flow is 
orthogonal to the IS. 
Proof. From Appendix A we see that the EFE for an imperfect fluid are given by 
A = µ, B = P, :Ea = q a, :Eab = 1r ab · (5.53) 
We first assume that the heat fluxes vanish, i.e. , qa = 0. This half of this proof 
is due to Scott [14]. Now qa = 0 ¢:? :Ea = 0 ¢:? :Ea = 0, where :Ea is defined by 
:Ea = -hae Re dud. Thus :EaT a = 0. 
' The Ricci tensor Rab in ( M , g) is related to the Ricci tensor *Rab for (*M, *g) in 
the follovving manner: 
R b = n-2 [*R b_(2n-1D*· *gbe+n-1D*· *ged6 b)+4(n-2D D *gbe_1n-2D D *ged6 b)] a a ,ae ,ed a ,a ,e 4 ,e ,d a 
(5.54) 
where a *; denotes covariant differentiation with respect to *g. 
In the unphysical space-time (*M, *g) we define *:Ea = -*hae*Re d*ud. Using the 
above relationship between Rab and *Rab, it can be shown that :Ea in (M , g) and 
*:Ea in (*M , *g) are related by 
:Ea= n-3 [*:Ea+ 2*hab(n- 1D*;be - 2n-2D,bD,e)*ue] . 
So the equation :EaT,a = 0 may be rewritten as 
Now 
D a= D'Ta 
' ' 
and 
D*·ab = D"T aT b + D'T *·ab 
' ' ' ' D' (T*;ab + LD' /DT,aT ,b) 
Substituting these expressions into the above equation we obtain 
n-3 [*"aT *habT D' ( ( ) D' ) * e] 
~{, L; ,a + 2 ,aD T *; be + L - 2 T,bT,e u = 0 . 
By condition (3) of the definition of an isotropic singularity, 3b > 0 such that D is 
positive on (0 , b]. So we can eliminate the factor n-3 from the equation above. Also , 
from [14], we know that 3c E (0, b] such that D'(T) # 0 on (0, c]. So multiplying 
through by (D/D') 2 we obtain 
( ~) 2 *:EaT + 2~ *habT T *· *ue + 2(L - 2)*habT T *ueT = 0 D' ,a D' ,a ,be ,a ,b ,e , (5.55) 
which is valid on (0, c]. 
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Now ~aT,a is at least C1, *habT,aT *;b/uc is at least C2 , and *habT,aT,b *uCT ,c is 
at least C3 on an open neighbourhood of T = 0 in *M. From [14] we know that 
limr-+o+ g (exists)= 0 . Thus as T-+ o+, 
( D ) 2*"a [2 * ab * c n LJ Ta+ 2n h T aT*·bc u -+ 0 , 
-Jc/ ' -Jc/ ' , (5.56) 
from which it follows that 2(L - 2)*habT,aT,b *ucT ,c -+ 0 . 
Now A #- 2, and *ucT,c #- 0 on T = 0. We conclude that *habT,aT ,b = 0 on T = 0. 
That is , *u is orthogonal to the T = 0 hypersurface. 
We will now assume that the anisotropic stresses vanish, i.e. , Kab = 0. Thus 
~ab = 0 ·where ~ab is defined by ~ab = hacRcdhdb - }habRcdhcd _ It is therefore true 
that ~cdy T = 0 
,c ,d 
In the unphysical space-time (*M, *g) vve define ~ab = *ha/R cd*hdb-} *hab*R cd *h cd . 
It can be shown that ~ab in (M, g) and ~ab in (*M, *g) are related by 
(5.57) 
Using many of the simplification noted in the qa = 0 case, the equation ~cdT,cT,d = 
0 can now be rewritten as 
~('°') 2 [( D) ~cdy T -2 (E_r .. +(L-2)T T ) ( *haC*hbd_~*hab*hCd ) TT] = 0. [24 D D' ,c ,d D' ,ab ,a ,b 3 ,c ,d 
(5.58) 
As in the qa = 0 case this equation can be reduced to 
(5 .59) 
N O\V A #- 2, thus \Ve conclude that *habT,aT,b = 0 on T = 0. That is , *u is orthogonal 
to the T = 0 hypersurface. D 
5.4 Limiting , -law equation of state 
Goode and \Vain-wright [5] have sho\vn that there exists a limiting , -law equation 
of st ate for an imperfect fluid \vhich is regular and orthogonal to an IS . Scott [14] 
has rigorously proven this for a perfect fluid source. Scott s proof, ho\vever can be 
applied to any imperfect fluid 'Which is regular and orthogonal to an IS. The following 
lemmas and theorem are a precise formulation of this result. The interested reader 
is referred to Section 8 of [14] for the proofs as they need no alterations. 
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Lemma 5.4.1 
Let the space-time (M, g) be a C 3 solution of the EFE with imperfect fluid source. 
If (M, g) admits an IS at which the unit timelike fluid congruence is both regular 
and orthogonal, and ,\ # ! , then as T ---+ o+, 
'"'-' 3 (D')2(*aT)2 µ '"'-' [22 S1 U ,a ---+ +oo 
2 ( D') 2 (* a ) 2 P ~ - L 02 S1 u T,a ---+ +oo 
P ::::; (1 - 2,\) ~2 ( ~) \vr,a)2 ---+ +oo 
if,\= -oo 
1 
if - oo < ,\ < -
2 
---+ -00 if 1 -<,\<1 
2 
Proof. See Section 8 of [14] 
Theorem 5.4.1 
(5.60) 
(5.61) 
(5.62) 
(5.63) 
D 
Let the space-time (M, g) be a C 3 solution of the EFE with imperfect fluid source. 
If (M, g) admits an IS at which the unit timelike fluid congruence is both regular 
and orthogonal, and ,\ # ! or -oo, then there exists a limiting ,-law equation of 
state p = (1 - l)µ as the singularity is approached, where r = ~(2 - ,\). 
Proof. See Section 8 of [14] D 
It is also possible to find a relationship between the pressure and energy density 
for the ,\ = -oo case. 
Lemma 5.4.2 
Let the space-time (M, g) be a C 3 solution of the EFE with imperfect fluid source. 
If (M , g) admits an IS at which the unit timelike fluid congruence is both regular 
and orthogonal , and ,\ = -oo, then the pressure is related to the energy density by 
Proof. See Section 8 of [14] 
2 
P ~ - -Lµ 
3 
(5.64) 
D 
For the space-times (M, g) which admit an IS and have ,\ = ! it is not possible 
to find the precise asymptotic behaviour between the pressure and energy density. 
This is due to the behaviour of the pressure varying according to the particular 
choice of conformal factor. However it is possible to make the following statement 
( this is due to Scott [14]). 
42 
Lemma 5.4.3 
If 
5. General Properties 
(1) the space-time (M, g) is a dust , or asymptotic dust , solution of the Einstein 
field equations, and 
(2) the unit timelike fluid congruence u is regular at an isotropic singularity, 
then 
( i) ,,\ = ! , and 
(ii) µ -+ +oo as T -+ o+ 
Proof. See Section 8 of [14] D 
5.5 Singularity type 
In order to gain some insight into the behaviour of the fluid around the singu-
larity in a cosmological model we take a fluid element, which at some finite time is 
assumed to be spherical , and examine the asymptotic behaviour of this fluid element 
as we approach the initial singularity back along the fluid flow linest. To do this we 
look at length scales Zc:t in the eigendirections+ of the expansion tensor. The length 
scales la (a= 1,2,3) are defined , up to a multiplicative constant , by 
la = ea 0: not summed) la - a, (5.65) 
where ea a are the components of the expansion tensor in its eigenframe. An overall 
length scale ( also called the scale factor) is defined by 
or equivalently by 
l 
-
l 
A singularity is defined to be 
• a point-like singularity if all three la approach zero , 
e 
3 
(5.66) 
• a barrel singularity if tvvo of the la approach zero and the other approaches 
some fini te number, 
• a cigar singularity if two of the la approach zero and the other approaches 
infinity, 
• a pancake singularity if one of the la approaches zero and the other two ap-
proach some finite number. 
TThis approach was pioneered by Thorne [32], but this section is based on MacCallum [9, pl31] . 
+ l ote that the eigenvectors of the expansion tensor are in the same directions as the eigenvectors 
of the shear tensor . 
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It should be noted that it is possible for a singularity to be none of the above 
singularity types. For example, the mixmaster cosmological models have the la 
oscillating as the singularity is approached. 
From the above choices of singularity type, it would be natural to expect that 
the IS is a point-like singularity. Indeed, this is alluded to by Tod in a review paper 
[26] and proven for the case of a geodesic flow by Nolan [27]. 
Before we proceed to prove, in general, that the IS actually is a point-like sin-
gularity, we must first establish the following result. 
Proposition 5.5.1 
Suppose that the space-time (M, g) with a C 1 unit timelike congruence u admits 
an IS. We denote the corresponding C1 unit timelike congruence in the unphysical 
space-time (*M, *g) by *u = Du. For p E M, a vector, v E Tp(M), where v is 
orthogonal to ulp, is an eigenvector (with eigenvalue K,) of the expansion tensor, eab , 
of u if and only if it is an eigenvector (with eigenvalue *K,) of the expansion tensor, 
*()ab' of *u. 
Proof. We note firstly that since u is orthogonal to eab and *()ab, then u is an 
eigenvector of both eab and *()ab with zero eigenvalues. That is, the eigenvalues K, 
and *K, are both zero for the eigenvector u. 
Now for p E M , coordinates (xa) about p can be chosen so that gx0 IP = ulP 
:nd g~gxo, gxa)lp = 0 (a = 1,2,3). It follows from this that *g(gx0 , gxa )lp = 
g(*u, axa ) Ip = o. 
It is readily seen from the form of eab and *()ab in these coordinates , that any 
eigenvectors of eab at p, with non-zero eigenvalues, are orthogonal to u , and any 
eigenvectors of *()ab at p , with non-zero eigenvalues, are orthogonal to *u. 
Now consider the vector f3u + w E TpM , where /3 # 0 and w E TpM is 
orthogonal to u. If f3 u + w is an eigenvector of eab at p with zero eigenvalue , then 
ea b (f3ub + wb) 
~ eabwb 
0 
0 
That is , w is also an eigenvector of eab at p with zero eigenvalue. 
(5.67) 
(5.68) 
We recall that the conformal relationship between the expansion t ensor , eab , of 
u and the expansion tensor , *()ab, of *u is given by 
(5.69) 
Now for p E M , suppose that vis an eigenvector of eab at p which is orthogonal 
to u: 
i.e. ()ab V b = K,Va 
neabvb = DK,Va (D > 0) 
*()abvb + *habvbn- 1n d*ud = DK,V a 
' 
*()abvb = (DK, - n-1 D ,d *ud) v a (since *habv b = v a) 
*()abvb = *K,va where *K, = nK,-n-1nd*ud 
' 
i.e., v is an eigenvector of *()ab at p which is orthogonal to *u. 
(5.70) 
( 5. 71) 
(5. 72) 
(5. 73) 
(5.74) 
D 
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Theorem 5.5.1 
If the space-time (M, g) admits an IS at which the fluid flow is regular, then (M , g) 
has a point-like singularity. 
Proof. We recall that the expansion tensor, eab , of u for the physical space-time 
(M, g) is related to its unphysical equivalent, *()ab , of *u for the unphysical space-
time (*M, *g) by the equation 
eab = n-1*eab + n-1*hab (ln D) d*ud. 
) 
(5.75) 
Choose an arbitrary flow line in *M and label it ,. The point p E , lies on 
the IS hypersurface at T = 0. We now proceed to construct a local comoving 
coordinate system (s, xn) in (*M, *g). Sets= zT along 1 , where Tis the cosmic time 
function defined on *M , and z E IR_+ is a constant. The coordinate s will be strictly 
monotonically increasing up 1 . Now consider a small open tube N of flow lines about 
, in *M and the hypersurfaces , within N , which are orthogonal to the flow lines. The 
coordinate s will be chosen to be constant across these orthogonal hypersurfaces. 
Note that the s = constant hypersurfaces are not necessarily the same as the T = 
constant hypersurfaces. The constant z is chosen so that fs IP = *ulp· On the 
hypersurface s = 0 we choose spatial coordinates xn which are comoving, i.e. , the 
spatial coordinates along any flow-line remain constant. 
One further restriction is placed on the spatial coordinates. They are chosen so 
that, at the point p on the hypersurface T = 0, the coordinate tangent vectors 8~Ct 
coincide with the three linearly independent eigenvectors, av , at p, of the expansion 
tensor *()ab of the unphysical fluid flow , *u. The eigenvectors, av , are orthogonal to 
*ulp- The eigenvectors *u , av of *() ab at p can be extended to form a C2 eigenvector 
frame (*u, av) on N, where the eigenvectors av are always orthogonal to *u at any 
point of N. For points in N, other than p, one would expect that av will not , in 
general, coincide with 8~Ct, although both av and 8~Ct are orthogonal to *u. It is 
certainly true, however, that, along , 
*u
0 
= l + o(l), *u13 = 0 
' 
(5.76) 
The coordinate tangent vector frame is thus arbitrarily close to the expansion 
tensor *()ab eigenvector frame as we approach p down the flow line 1 . Since,, by 
Proposition 5.5.1, the expansion tensor *()ab eigenvector frame is the same as the 
expansion tensor e ab eigenvector frame, it follows that the coordinate tangent vector 
frame is also arbitrarily close to the expansion tensor eab eigenvector frame as we 
approach p down the flow line 1 . A leading subscript "e" will be placed on any 
tensor evaluated in the expansion tensor eab eigenvector frame. 
We ·will now consider the relationship between the components of the expansion 
tensor eab in its eigenvector frame and its components in the coordinate tangent 
vector frame. For 0: = 1, 2, 3, Equation (5 .75) can be written 
(5.77) 
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The corresponding equation in the eigenvector frame is 
n ea *()a *ha D' (*-nT) * d ~ t,e a == e a + e a [2 e V d eU · (5.78) 
As we approach p down the flow line , in *M, 
*(JO'. e a *()a a [1 + o(l)], (5. 79) 
*hO'. e a *ha a [ 1 + 0 ( 1 ) ] , (5.80) 
e(VT)d (VT)d[l + o(l)], (5.81) 
* d eU *ud[l + o(l)]. (5.82) 
It follows that 
n eeaa == neaa[l + o(l)] ass-+ o+' (5.83) 
and thus 
eeaa == eaa[l + o(l)] ass-+ o+. (5.84) · 
In the physical expansion tensor, ea b, eigenvector frame the length scales, la ( a == 
1, 2, 3), are defined by ~: == e()a a, where a is not summed. We therefore have the 
relationship 
i" = B"" [1 + o(l)] as s ---+ o+, 
a 
(5.85) 
which in conjunction with Equation ( 5. 77) yields 
n;: = (·e0 " + *h"" ~ (VT)/ud) [1 + o(l)] . (5.86) 
Now as we approach p down the flow line , in *M, *()a a IP E IR, lims--+o+ ~ == +oo 
(see Scott [14]), and 
It follows that 
nla 
la 
D' 
D(VT)d*ud [1 + o(l)] as s-+ o+ 
nla 
la 
¢:? D(ln la} 
¢:? (ln la} 
Th 1. (ln la)° l US lms--+O+ (ln D)" == . 
D' 
DD(VT)dud [1 + o(l)] 
D(ln D} [1 + o(l)J 
(lnD}[l+o(l)]. 
Since ln D -+ -oo as s-+ o+, L'Hopital 's rule can be invoked to obtain 
r ln la 1m 
s--+O+ ln f2 1 
i.e. In la ln D [1 + o(l)] ass-+ o+ 
==* la -+ 0 ass-+ o+. 
(5.87) 
(5.88) 
(5.89) 
(5.90) 
(5.91) 
(5.92) 
(5.93) 
(5.94) 
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Note that the length scales, la (a= 1, 2, 3), have the same asymptotic form , as 
one would expect with an IS. Since r-y was an arbitrary flow line, we conclude that 
all three length scales la approach zero as the initial singularity is approached back 
along any fluid flow line. Thus the space-time (M, g) has a point-like singularity. 
D 
This theorem shows that if a cosmological model admits an IS at which the fluid 
flow is regular, then a spherical fluid element which travels backwards in time to 
the initial singularity, ·will collapse, approximately isotropically, into a point. 
5.6 Hubble parameter 
The Hubble parameter is an important parameter in comparing observational 
data with cosmological theory. It is defined by MacCallum [9, p97] as 
where l is the scale factor. 
l () 
H= - = -
- l 3' (5.95) 
The behaviour of the expansion scalar, () , can be determined as follows. Equation 
(5.88), from the proof of Theorem 5.5.1, shows that for a cosmological model which 
admits an IS , at which the fluid flow is regular , the following relationship holds 
down a fluid flow line: 
asT~o+. (5.96) 
Since limy~o+ g~ = +oo and limy~o+ (*VT)d*ud E JR.+, it follows that 
la 
asT~o+. (5.97) - ~ +oo 
la 
Now 
() l1 l2 l3 (5.98) -+-+-
l1 l2 l3 
() ~ +oo as T -:-t o+. (5.99) 
This result was originally obtained by Goode and Wainwright [5]. 
Since the expansion scalar becomes infinite as the singularity is approached along 
any fluid flow line, it follows that 
H ~ +oo as T ~ o+. (5.100) 
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5. 7 Energy conditions 
A solution of the EFE should be "physically reasonable" in order to be a can-
didate as a model for a real physical system. Although the terminology "physically 
reasonable" is vague, the standard method for determining whether or not a model 
is physically reasonable is to test if the energy conditions are satisfied. For a perfect 
fluid the usual energy conditions are [13, pp88-96]: 
Weak Energy Condition (WEC): µ > 0, µ + p > 0. 
Dominant Energy Condition (DEC): µ > 0, -µ < p < µ. 
Strong Energy Condition (SEC): µ + p > 0, µ + 3p > 0. 
From Section 5.4 we know that that if a space-time satisfies the EFE with perfect 
fluid source , and the unit timelike fluid congruence is regular at an IS , then there 
is a relationship between the energy density µ and the pressure p of the fluid near 
the singularity. Using these results, we have determined, in the following corollary, 
whether, for perfect fluid cosmologies which admit an IS at which the fluid flow is 
regular, the above energy conditions are satisfied near the singularity. 
Corollary 5. 7.1 
If the space-time (M, g) is a C3 solution of the EFE with perfect fluid source, and 
the unit timelike fluid congruence, u, is regular at an IS, then there exists an open 
neighbourhood U of the hypersurface T = 0 in *M such that the weak and strong 
energy conditions are satisfied everywhere on U n M. Furthermore, if -1 < ,\ < 1, 
then the dominant energy condition also holds on U n M. 
Proof. From Section 5.4 we know that, for space-times which satisfy the conditions 
of this corollary, µ ---+ +oo as T ---+ o+, and hence µ > 0 near the singularity. 
We also know that when ,\-/- -oo or !, p ~ (, - l)µ as T---+ o+, with i < , < 
oo (, -/- 1) . We will prove this case first, then look at the remaining ,\ = ! and 
,\ = -oo cases. 
1. Assume ,\ -/- -oo or ! . 
An open neighbourhood U of the hypersurface T = 0 in *M can be chosen 
such that µ > 0 and p ~ (, - 1) µ as T ---+ o+ on U n M. 
There are three su bcases to examine. 
(a) Showµ+ p > 0 on Un M: 
µ+p µ + (, - 1)µ[1 + o(l)] 
1 µ[1 + o(l)] . 
(5.101) 
(5.102) 
Now , > i and µ > 0 on Un M , with µ ---+ +oo as T -+ o+. Hence 
µ + p > 0 on U n M and the WEC is satisfied. 
48 5. General Properties 
(b) Show µ + 3p > 0 on U n M: 
Proceeding as in case (la), we can show that 
µ + 3p = (31 - 2)µ[1 + o(l)] , (5.103) 
and since,> j, 3, - 2 > 0. Hence µ + 3p > 0 on Un M and the SEC 
is satisfied. 
(c) Establish when -µ < p <µholds on Un M: 
We have already shown that -µ < p on U n M, 
determine when it is also true that p < µ. 
Since p = (, - 1)µ[1 + o(l)] as T-+ o+ on Un M , 
p<µ 
¢=? (, - 1)µ[1 + o(l)] < µ 
¢=? (, - 1)[1 + o(l)] < 1 
(sinceµ> 0 on Un M). 
and so we need to 
(5.104) 
(5.105) 
(5.106) 
When, -1 < 1, an open neighbourhood U of T = 0 in *M always exists 
such that this inequality holds on U n M. On the other hand , when 
, - 1 > 1, such a neighbourhood never exists, since the inequality is not 
true in the limit as T -+ o+. For the special value , = 2, the inequality 
may or may not hold in the limit as T -+ o+. We conclude that, for 
,,\ # -oo or !, the DEC holds on Un M when j < , < 2 (, # 1) , 
equivalently, -1 < ,,\ < 1 ( ,,\ # ! ) . 
2. Assume ,,\ = !-
This case includes the dust (p = 0) and asymptotic dust (p = o(l) as T-+ o+) 
models. It is readily seen from [14] that p = o(µ) as T -+ o+. Let U denote 
an open neighbourhood of the hypersurface T = 0 in *M such that µ > 0 and 
p = o(µ) as T -+ o+ on Un M. Since µ -+ +oo as T -+ o+, it is clear that 
µ + p > 0, µ + 3p > 0, and p < µ on U n M. Th us, for the case ,,\ = ! , the 
WEC, SEC and DEC are satisfi ed on Un M. 
3. Assume >. = -oo. 
In this case the limiting equation of state is given by 
2 . + p ~ --Lµ as T-+ 0 , 
3 
(5.107) 
( ) D."D. . . where L T = (D.'J 2 , and hmr-+o+ L(T) = >.. An open neighbourhood U of 
the hypersurface T = 0 in *M can be chosen such that µ > 0, L < 0, and 
p ~ -~Lµ as T-+ o+ on U n M. 
Again there are three subcases to examine. 
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(a) Showµ+p>OonUnM: 
µ+p 
2 
µ - -Lµ[l + o(l)] 
3 
-iLµ[l + o(l)] . 
49 
(5.108) 
(5.109) 
Nowµ> 0 and L < 0 on Un M, with -f Lµ-+ +oo as T-+ o+. Hence 
µ + p > 0 on U n M and the WEC is satisfied. 
(b) Show µ + 3p > 0 on U n M: 
Proceeding as in case (3a), we can show that 
µ + 3p = -2Lµ[l + o(l)]. (5.110) 
Nowµ> 0 and L < 0 on Un M, with -2Lµ-+ +oo as T-+ o+. Hence · 
µ + 3p > 0 on U n M and the SEC is satisfied. 
(c) Establish whether -µ < p <µholds on Un M: 
We have already shown that -µ < p on U n M, 
determine if it is also true that p < µ. 
Since p = -iLµ[l + o(l)] as T-+ o+ on Un M, 
p<µ 
¢? -iLµ[l + o(l)] < µ 
¢? -iL[l + o(l)] < 1 
(since µ > 0 on Un M) 
3 1 
¢? 1 + o(l) < ---. 
- 2L 
and so we need to 
(5.111) 
(5.112) 
(5.113) 
(5.114) 
An open neighbourhood U of T = 0 in *M does not exist such that this 
inequality holds on U n M, since - ~ l -+ o+ as T -+ o+. We conclude 
that the DEC does not hold when ,\ = -oo, which is what one would 
expect given our results for the general case (1) when ,\ # -oo or !-
D 
The dominant energy condition may hold when , = 2, but this must usually be 
examined on a case by case basis. We can, however , state that any perfect fluid 
space-time with the exact ,-law equation of state, p = µ , which admits an IS at 
which the fluid flow is regular, will satisfy the DEC. For example, the stiff fluid 
FRW models, and the stiff fluid Mars95 models [34], admit an IS at which the fluid 
flow is regular [28, and references therein] and satisfy the DEC. On the other hand, 
perfect fluid models with an equation of state p = µ[l + N], where N = o(l) as 
T-+ o+, JV > 0, which admit an IS at which the fluid flow is regular , do not satisfy 
the DEC. 
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5.8 Summary 
As in any field , there is a certain amount of "folk lore" in general relativity. In 
particular, with regard to initial singularities in cosmological models, it has always 
been assumed that the IS is a point-like singularity and that vacuum space-times 
were of no concern in matters regarding the IS , in that they could not possess an 
IS. In this chapter vve have explicitly proven these two fundamental results. In 
addition to this we have shown that, near the initial singularity, the weak and 
strong energy conditions are automatically satisfied by perfect fluid space-times 
which admit an IS , and that the dominant energy condition is also satisfied given 
a reasonable restriction on the relationship between the pressure and the energy 
density. Finally, it was shown that the Hubble parameter becomes infinite at an 
IS. 
Chapter 6 
Friedmann-Robertson-Walker 
Models 
The Friedmann-Robertson-Walker (FRW) models are an important class of cos-
mological models in general relativity. Their importance derives from the fact that 
they are simple models that encapsulate many of the features of the real universe. 
The FRW models are isotropic and it is the singularities of these models that 
the definition of the Isotropic Singularity (IS) [5] is compared vvith in order to say 
that the IS is asymptotically isotropic. Hence it vvould be natural to expect that all 
FRW models admit an IS [5, 7, 26]. In this chapter vve vvill shovv that this is not the 
case , and our intention is to determine the precise class of FRW space-times vvhich 
admit an IS. 
The FRW space-times are homogeneous , isotropic , conformally flat ) perfect fluid 
cosmological models "''hich have a metric, in synchronous coordinates t , of the form 
(6 .1 ) 
v,rhere da2 is the metric of a three-space of constant curvature, K , and is independent 
of time. By rescaling the function a(t) , K can be normalised to be either +1, 0, or 
-1. The metric da 2 can then be expressed as 
da 2 = dx2 + f 2 (x)(dB2 + sin2 B d¢2 ) (6.2) 
s1n x if K = +l , 
vlhere f (x) = X if K = 0, 
sinh x if K = - l , 
The fluid flo,;v u is given by 
a 
U=-
8t ' g (u , u) = -1. (6.3) 
The manifold of a FRW universe is JR x JR3 for K = 0 or K = - l , and JR x S 3 for 
K = l. 
tsee Chapter 3 for a discussion on coordinate systems. 
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The FRW models are both spatially homogeneous and isotropic. The Killing 
vectors for these models are given by 
1~ 
2~ 
3~ 
5~ 
6~ 
a 
8¢ 
a 
f (x) ax 
a . a 
cos(¢) ae - cot(()) sin(¢) 8¢ 
. a a 
-sin(¢) ae - cot(()) cos(¢) 8¢ 
f (x) cos(B) sinh (/ f tx) dx) :X 
+ sin(B) cosh (/ f (~/x) :e 
f (x) cos( B) cosh (/ f tx) dx) :X 
+ sin(B) sinh (/ f (~) dx) :e 
(6.4) 
(6.5) 
(6.6) 
(6.7) 
(6.8) 
(6.9) 
The definition of an IS requires that the physical metric be C 3 and so we will re-
strict ourselves to FRW metrics with scale factors , a(t), that are C 3 . Non-degeneracy 
of the metric requires that a( t) be non-zero, and we will assume that a( t) > 0 for 
t > 0, i.e. , the separation of neighbouring flow lines is positive. 
The scale factor , a( t), has further restrictions placed upon it by the Einstein field 
equations (EFE). From the conservation equations for a perfect fluid we obtain the 
equation 
. a 
µ= -3(µ+p)-. (6.10) 
a 
From the Einstein field equation, R00 = T00 - !Tg00 , we obtain 
a 1 
a = - 6 (µ + 3P) · (6.11) 
The alternative form of this field equation , i. e., G00 = T00 , yields the equation 
3a2 = µa 2 - 3K. (6.12) 
In the f ollovving two lemmas we use these equations to show , assuming both the 
strong and weak energy conditions hold, and that the fluid congruence is expanding 
at some point in time, that the FRW model has ari initial big bang ( curvature) 
singularity. 
Lemma 6.0.1 
Suppose that a FRW model satisfies a(ti) > 0, a(ti) > 0, for some t 1 E IR, and that 
µ + 3p > 0. Then there exists a t0 E IR, with t0 < ti, such that a(t) > 0 on (to , ti] 
and a(t) -+ o+ as t-+ ta. 
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Proof. Using the assumption that µ + 3p > 0, Equation (6.11) implies that a < 0, 
i.e., a is a monotonically decreasing function ( or ifµ+ 3p 0, a is a constant func-
tion). Since a(t1 ) > 0, this implies that a(t) is a strictly monotonically increasing 
function for t < t 1 . We also know that, for t < t 1 , a is bounded below by a( t 1). 
There thus exists exists a t0 E [t1 - :~;~~' ti) such that a(t) > 0 on (t0 , t1] and 
a ( t) -+ o+ as t -+ t0 +. D 
It is apparent that by choosing a new time coordinate t' = t-t0 , the transformed 
FRW metric becomes 
ds 2 = -dt'2 + A2 (t')dCJ2 , 
where A(t') = a(t) and A(t') -+ o+ as t' approaches zero. 
Lemma 6.0.2 
(6.13) 
Suppose that a non-vacuum FRW model satisfies the same conditions as in Lemma 
6.0.1 ( with t0 = 0, t 1 E JR+) and that, in addition, the weak energy condition holds, 
i.e., µ > 0 andµ+ p > 0. Thenµ-+ +oo as t approaches zero. 
Proof. Using the assumption that µ + p > 0, it can be seen from the conservation 
Equation (6.10) that µ < 0 on (0, t 1]. That is , µ is a monotonically decreasing 
function on (0, t 1]. From the assumption that µ > 0, and noting that we are not 
interested in the possibility that µ is identically zero ( the vacuum case), it follows 
that either µ -+ /3 E JR+ or µ -+ oo as t approaches zero. Suppose that the former 
is true. Then from the Einstein Field Equation (6.12), 
lima2 = -K. 
t----t"O 
(6.14) 
Sinceµ> 0, there exists a t2 E (0, t 1] such that (µa 2)(t2 ) > 0. Thus a2 (t2 ) > 
- K , which contradicts the fact that a is a monotonically decreasing function on 
(0, t1]. We therefore conclude that µ-+ oo as t approaches zero. D 
The above has shown that a specific, yet physically reasonable , set of assump-
tions imply that the FRW space-times have the energy density becoming infinite 
at the initial singularity; i.e., the FRW models have a big bang type singularity. 
It can be seen from equations (6.10-6.12) that there exist FRW universes without 
singularities (The easiest way to see this is to assume that µ + 3p < 0). Examples 
of scale factors for the FRW models without singularities are 
a(t) 
a(t) 
t2 + 1, 
et+ 1. 
(6.15) 
(6.16) 
For the remainder of this chapter, the only condition which we will place on 
the class of FRW models being considered , is that their scale factor a(t) satisfies 
a(t) E C 3 , a(t) > 0, a(t) > 0 on (0 , t 1] for some t 1 E JR+, and a(t) -+ 0 as t-+ 0. 
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6.1 The Isotropic Singularity in FRW models 
Many results in this section implicitly depend on the fact that a past directed 
timelike curve in the physical space-time reaches the initial singularity if and only 
if the same curve in the unphysical space-time reaches the T = 0 hypersurface. We 
now explicitly prove this. 
Lemma 6.1.1 
Let (M , g) be a FRW model (expressed in the usual (t,x ,8,¢) coordinates) which 
admits an IS. Consider a time,like curve ry in M ( ry is also a timelike curve in *M). 
Then in the past direction, ry approaches t = 0 in M if and only if ry approaches 
the IS at T = 0 in *M. 
Proof. Suppose, firstly, that ry is a timelike curve in *M which, in the past direction , 
approaches the IS at T = 0. Considering M as the open submanifold T > 0 of *M , 
it is clear that ry cannot be further extended in the past direction whilst remaining 
in M. Any timelike curve in a FRW model which cannot be further extended in 
the past direction is constrained to approach t = 0. Thus, in the past direction , ry 
approaches t = 0 in M. 
Now suppose that ry is a timelike curve in M which, in the past direction , 
approaches t = 0. A timelike curve in *M ( in particular, a timelike curve in the 
open submanifold T > 0 of *M) must , in the past direction , approach T = a E IR, 
where a > 0. Indeed, in this case a must be zero, else in M , in the past direction ry 
approaches a regular point of (M, g) for which t > 0. Thus , in the past direction , 
ry approaches the IS at T = 0 in *M. D 
In order to look at FRW space-times that have an IS , we must set up a confor-
mally related unphysical space-time. The follo-wing lemma does this. The statement 
of the following proposition incorporates a function H(t) which is defined on (0, t 1] 
by 
!t i 1 H(t) t a(u)du. ( 6.17) 
Lemma 6.1.2 
_An FRW model satisfies conditions (1), (2), and (3) of the definition of an IS if 
H(t) -+ /3 E JR+ as t approaches zero. 
Proof. The function H(t ) is a positive and strictly monotonically decreasing function 
on (0, t1J, decreasing to zero at t1. This behaviour guarantees that limt--+o+ H (t) 
always exists , so that the condition H(t)-+ (3 E JR+ as t-+ o+, only discludes those 
FRW models for which H (t) -+ +oo as t-+ o+. 
Assuming that H (t) -+ (3 E JR+ as t approaches zero , define the function T on 
the interval ( 0 t1] by 
f t l T(t) lim ( )du. E--+O+ a u E (6.18) 
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It is evident that T(t) + H(t) = /3, from which it follows that the function T(t) 
is well defined and positive, strictly monotonically increasing on (0 , t 1], and that 
T ( t) --+ 0 as t --+ 0 + . 
We now devise the conformal structure required to demonstrate that these mod-
els admit an IS. The manifold M for a FRW model is IR x IR3 for K = 0 and 
K = - l, and IR x S 3 for K = l. The coordinate patch used thus far to represent M 
is (t, X, e, ¢), where t > 0, and (x, e, ¢) is a coordinate patch on M. We define the 
manifold *M to be IR x IR3 for FRW models with K = 0 and K = -l, and IR x S3 
for FRW models with K = l. The coordinate patch (T, X, e, ¢) will be employed 
for *M, where TE IR. 
We need to check that the first three conditions of the definition of an IS are 
satisfied: 
(1) By construction, M is the open submanifold T > 0 of *M. 
(3) Define D(T) a(t) for T E (0, 5], t E (0, t 1], where 5 = T(t1 ) and D(O) = 0. 
It is clear that DE C 0 [o, 5] and D(O, 5] > 0. The derivatives of Dare: 
D'(T) 
D" (T) 
D111 (T) 
aa, 
aa2 + a?a, 
·a: a3 + 4aaa2 + a3 a, 
(6.19) 
(6.20) 
(6.21) 
where a prime and a dot denotes differentiation w.r.t. T and t respectively. 
Since a(t) is at least C3 on (0, t 1], DE C 3 (0, 5]. 
(2) Define the metric *g on M by *g = r2- 2g. In (t, X, e, ¢) coordinates the metric 
g is given by equations (6.1,6.2). In (T, X, e, ¢) coordinates the metric g is 
given by 
ds 2 a' b' 9a'b'dx dx 
-D2 (T)dT2 + D2 (T)da2 
D2 (T) ( -dT2 + da 2 ) . 
Thus the n1etric *g on M in (T, X, e, ¢) coordinates is given by 
*d 2 * d a' b' d 2 2 s = 9a'b' X dx = - T + da . 
(6.22) 
(6.23) 
(6.24) 
(6.25) 
This metric extends to all *M and is everywhere C 3 and non-degenerate. 
D 
We now investigate the regularity of the fluid congruence of a FRW model which 
admits an IS. 
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Corollary 6.1.1 
If a FRW model satisfies the conditions of Lemma 6.1.2 then the fluid flow is regular 
at the IS. 
Proof. In order to show that the fluid flow is regular at an IS, we need, by definition , 
to demonstrate that the unit timelike congruence *u in *M, defined by *u Du (T > 
0), is at least C3 on an open neighbourhood of T = 0. Now 
a (6.26) u 
at 
1 a (6.27) ----
a(t) BT 
1 a (6.28) -D(T) BT 
So *u = a°r, which is clearly smooth on all *M. D 
In order to use the above lemma H(t) must have a finite limit as t approaches 
zero. For example a(t) = yt (which satisfies equations (6.10-6.12) , and satisfies 
the strong energy condition, and for K = 0 is the barotropic fluid with radiation 
equation of state p = !µ) implies that in the limit H(t) is finite, and a(t) = t, 
(vvhich also satisfies equations (6.10-6.12), and is a barotropic fluid with equation 
of state p = - ~, which satisfies the strong energy condition ) implies that in the 
limit H ( t) is infinite. 
The definition of an IS only requires that there exists an unphysical space-time 
conformally related to the physical space-time. Thus although the above lemma 
may be used to find the conformally related space-time vvhen H(t) has a finite limit 
as t approaches zero, we cannot say whether or not a space-time with infinite H(t) , 
as t approaches zero, has an IS. For the previous two examples this means that 
although both are barotropic perfect fluids satisfying the strong energy condition, 
the naive approach can only be used to show that the first definitely has an IS. The 
solution to this problem is firstly considered from a geometrical point of view and 
then examined from a physical point of view. 
The limiting behaviour of various tensorial quantities near an IS is different in 
the ,,\ = -oo case to the -oo < ,,\ < 1 cases . We will investigate the ,,\ = -oo ~ase 
in Lemma 6.1.3 and the remaining cases in Theorem 6:1.1. 
Lemma 6.1.3 
A FRW model admits an IS vvith ,,\ = -oo, at which the fluid flovv is regular , if and 
only if limt~o+ ~~ (exists) = -oo 
Proof. Suppose that a FRW model admits an IS with ,,\ = -oo, at which the fluid 
flow is regular. It has been shown in Section 5.4 that for such models µ ---+ +oo as 
t ---+ o+ and that 
2 
p = - 3 Lµ[l + o(l)] as t ---+ o+ (T ---+ o+). (6.29) 
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Substit ut ing t his expression for p in t he conservation equation (Equation (6. 10)) vve 
obtain 
µ [ 2 ] a - 3 µ - 3 Lp,[l + o(l )] a 
a 
2L µ[ l + o(l )] - (since L -1 - oo as T-1 o+) . 
a 
T his implies t ha 
Thus 
. . 
µ = 2L [l + o(l )] a 
µ a 
. a µ 
. (") 2 a = o µ 
( using µ -t +oo as t -t o+) . 
as t -t o+. , 
,, hich implies t hat 
iti a(u) 2 ( ) du t au (i t1 µ(u) ) o ( ) du t µ u 
===} 2 [ln a(t1 ) - ln a(t)] o (ln µ(t 1 ) - ln µ(t)). 
Since a -1 0 and ~1, -1 +oo as t -1 o+ j 
- 2 ln a = o (ln µ) 
and so 
a- 2 = o(µ ) . 
(6 .30) 
(6.31) 
(6 .32) 
(6 .33) 
(6.34) 
(6 .35) 
(6.36) 
( 6. 3 7) 
It follU\YS tha µa2 -t +oo as t -t o+j and so fron1 Equation (6. 12)) a. -t +oo as 
t -1 o+. 
No"- substituting the expression for p given by Equation (6.29) into Equation 
(6.11 ) " -e obtain 
Thus . 
.. 
a 
a 
.. 
aa 
. ') 
a-
1 
- 6 (µ - 2Lµ[l + o(l )]) 
1 
3 
Lµ[l + o(l) ] (sin e L -1 - oo as T -1 o+) . 
1 a2 
3 
Lµ a2 [1 + o(l )] 
!L 3a2; 3K [l + o(l )] using equation (6.12) 
L (1 + ~) [l + o(l )] . 
Since a -1 -: a -1 o+: it i apparent that 
.. 
aa 
- -+ -
. ') 
a-
a -to+ . 
(6.38) 
(6.39) 
(6.-JO) 
(6.-Jl ) 
(6.42 ) 
(6.-±3) 
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Now consider a FRW model for which!~-+ -oo as t-+ o+. Since a(t),a(t) > 0 
on (0, t 1], it is apparent that there exists a t2 E (0, t 1] such that a(t) < 0 on (0, t2]. 
So a(t) is a strictly monotonically decreasing function on (0, t2]. It follows that as 
t-+ o+ , either a-+ a E JR+ or a-+ +oo. 
Set 
Thus 
Novv 
.. 
aa 
·2 a 
.. 
a 
. 2 
a 
-F(t) where F(t)-+ +oo as t-+ o+, 
F(t) 
a 
and since either a -+ a E JR+ or a -+ +oo as t -+ o+, it follows t hat 
. 1t2 a(u) - + hm - . 2 ( ) du - r E IR . t-+O+ t a U 
Given that ~ = o (- aa2 ) as t -+ 0, it is readily seen that 
1t1 1 1 a(u) du---+ f3 E JR.+ as t---+ o+. 
(6.44) 
(6.45) 
(6.46) 
(6.47) 
(6.48) 
(6 .49) 
Thus, by Lemma 6.1.2 and Corollary 6.1.1 , the FRW model satisfies conditions (1), 
(2), and (3) of the definition of an IS (Definition 2.1.1) and the fluid flow is regular 
at the IS. It no-w remains to examine condition ( 4). We vvill henceforth use the 
conformal structure defined in the proof of Lemma 6.1.2. So 
L(T) = D"D 
<;212 
a(t) [a(t)a2(t) + a2(t)a(t)] 
a2(t)a2(t) 
Since ~~ -+ -oo as t -+ o+ , 
L(T) -+ -oo as T-+ o+ . 
That is , A = -oo. 
(6.50) 
(6.51) 
(6.52) 
D 
We now use the above result in the proof of the following theorem. We will 
henceforth refer to the follovving theorem as the FRW Result. 
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Theorem 6.1.1 (FRW Result) 
A FRW model admits an IS at which the fluid flow is regular if and only if limt-to+ :~ 
exists and is less than zero. 
Proof. Suppose that a FRW model admits an IS at which the fluid flow is regular. It 
has been established in Section 5.1 that the possible range of A is -oo < A < l. The 
case A = -oo has already been shown in Lemma 6.1.3. So we need only consider A 
in the range -oo < A < l. It has been shown in Section 5.4 that for such models 
µ-+ +oo as t-+ o+, and that if,\#!, 
p ( t) = ( 1 - l) µ ( t) [ 1 + f ( t)] as t -+ 0 +, 
where f (t) is o(l) and 1 = ~(2 - A). If A= !, then 
p = o(µ) as t -+ o+. 
Substituting these expressions for pinto Equation (6.10) we obtain 
Thus 
µ = -3(µ + (,-1)µ[1 + o(l)])~ 
µ = -3[µ + o(µ)J~ 
. a 
µ = -31 µ[1 + o(l)]-
a 
where 1 = ~(2 - A). Dividing byµ we obtain 
. . 
µ = -3,[1 + o(l)] a. 
µ a 
Using L'Hopital's rule (since ln a -+ -oo as t -+ o+) 
[ln µn 1 = -3, [1 + o(l) J[ln a]~1 . 
Thus 
Inµ= -3, [1 + o(l)] ln a, 
which yields 
µa2 = a2-3ry+o(l). 
(6.53) 
(6.54) 
(6.55) 
(6.56) 
(6.57) 
(6.58) 
(6.59) 
(6.60) 
For an IS , , > ~ (see Section 5.4) thus there exists a neighbourhood of the IS such 
that 2 - 3, + o(l) < 0, and since a-+ 0 as t-+ o+, 
µa2 -+ +oo as t-+ 0. (6.61) 
This then implies that, using Equation (6.12), a-+ +oo. 
Substituting the above expressions for p (Equations (6.53) and (6.54)) into the 
field equation (Equation ( 6 .11)) we obtain 
~ = -l(µ + 3(, -1)µ[1 + o(l)]) 
~ = -l[µ + o(µ)] (6.62) 
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Thus 
.. 
a= _µ[3,1 - 2 + o(l)] 
a 6 
(6.63) 
where ,1 = ~ (2 - A). Multiplying by ~~ yields 
aa µa 2 ~ = --
6
. 2 (3,1 - 2)[1 + o(l)]. a a (6.64) 
Substituting Equation (6.12) gives 
(6.65) 
and since a -t +oo as t -t o+' 
aa 3,1 
- ~ 1 - - as t -to+, 
·2 ? a ~ 
(6.66) 
which exists. For an IS , ,' > i, thus limt-to+ ~~ < 0. 
All that remains to be sho-wn is the converse, i.e. , we novv suppose that the FRW 
model has limt-to+ ~~ exists and is less than zero. We can define the limit of ~~ to 
be A - 1 vvhere A < l. Thus 
.. 
aa 
A-1<0 (6 .67) lim -
i-tO+ a 2 
.. 
a a 
as t -to+' (6.68) ¢? - (A - 1)- [1 + o(l)] 
a a 
and using L'Hopital 's rule (since a -t o+ as t -t o+ ¢? ln a -t -oo as t -t o+) vve 
obtain 
ln a = ( A - 1) ln a [ 1 + o ( 1) J . 
Since A - 1 < 0, lna -t +oo as t -to+, and hence a -t +oo as t -to+. 
v\ e have assumed that 
Thus. as t -t o+. 
J J 
.. 
~~ = ( A - 1) [ 1 + o ( 1)] as t -t O + . 
a~ 
1 
a 
Jt1 1 --du t a( u) 
a 1 
a2 A - 1 [1 + o(l)] 
1 Jt1 ·ii2 [1 + o(l)] du 
A -1 a t . 
1 (!ti _ii2 du) [1 + o(l)] A - 1 t a 
1 ~ ,\ (a(~1) - a~t) ) [1 + o(l)] 
1 1 
. ( ) [l + o(l) J . 1 - A a t1 
(6.69) 
(6. 70) 
( 6. 71) 
(6. 72) 
(6 . 73) 
(6.74) 
(6.75) 
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It follows that 
lim jt1 1 du = ri, E JR+. 
t--+O+ t a( U) 
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(6.76) 
Thus, by Lemma 6.1.2 and Corollary 6.1.1, the FRW model satisfies conditions 
(1), (2), and (3) of the definition of an IS (Definition 2.1.1) and the fluid flow is 
regular at the IS. It now remains to examine condition ( 4). We will henceforth use 
the conformal structure defined in the proof of Lemma 6.1.2. So 
L(T) = D"~ 
D' 
Since t~ ----+ A - l as t ----+ o+, 
a(t) [a(t)a2 (t) + a2 (t)a(t)] 
a2 ( t)a2 ( t) 
.. 
aa 
~+1. 
a 
L(T) ----+ A as T ----+ o+. 
(6.77) 
(6.78) 
(6.79) 
D 
The FRW result has some rather remarkable consequences on the physical prop-
erties of the space-time. In the following corollaries, regarding the allowed equation 
of state, dust and asymptotic dust are treated separately from the other perfect 
fluids. Since we are examining perfect fluid FRW space-times, this treatment then 
covers all possible models. 
In Section 5.4 the following theorem is presented. 
Theorem 6.1.2 (Limiting ,-law equation of state) 
If the space-time (M, g) is a C 3 solution of the EFE with perfect fluid source, and 
the unit timelike fluid congruence u is regular at an IS with A #- -oo or !, then 
there exists a limiting , -law equation of state p ~ ( , -1) µ as the singularity is 
approached , where , = i(2-)). 
In order to use this theorem we must understand how the limitations on A corre-
spond to limitations on , . Since , = i(2-)) , the A#- -oo restriction corresponds 
to , #- oo. But since it is nonsensical to talk about a , -law of state with , = oo , 
this is no real restriction. We also see from , = i (2-)) that the restriction A #- ! 
means that , #- 1, i.e. , non-dust and non-asymptotic dust. The last fact to note is 
that for any IS , A is restricted to be, -oo < A < l [14]. Combined with the above 
restrictions yields that i < , < oo, , #- 1. 
Corollary 6.1.2 
A non-dust , non-asymptotic dust, FRW model, for which µ #- o(p) , admits an IS , 
at which the fluid flow is regular, if and only if it has a limiting , -law equation of 
state, p = (, - 1)µ{1 + o(l)} where , E IR, , > j. 
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Proof. Suppose that a non-dust , non-asymptotic dust , FRW model , for which µ # 
o(p), admits an IS at which the fluid flow is regular. Theorem 6.1.2 applies and the 
model must have a limiting ry-law equation of state. 
Suppose that a non-dust , non-asymptotic dust , FRW model , for which µ # o(p) , 
has a limiting ry-law equation of state where ry E JR, ry > ~- The conservation Equa-
tion (6.10) then yields µa 2 = (a2- 3,+o(l). Since ry > ~ there exists a neighbourhood 
such that 2 - 3ry + o(l) < 0. This then leads us to an equation identical to Equation 
(6.61). Following the proof of Theorem 6.1.1 we can then show that limt_,o+ :~ < 0 
and thus , by the FRW Result , the space-time has an IS at which the fluid flow is 
regular. D 
Corollary 6.1.3 
A dust, or asymptotic dust , FRW model , for whichµ# o(p) , admits an IS at which 
the fluid flow is regular. 
Proof. Dust , or asymptotic dust , means that p = 0, or p = o(l). The conservation 
Equation (6.10) then yields µa 2 = (a1+0 ( 1). The proof then follows as the above 
corollary. D 
Thus the class of FRW models vvith singularities is split into two, those whose 
singularities are isotropic and those vvhose singularities are not isotropic. 
6.2 Coley-Tupper exact viscous fluid FRW models 
In this section vve examine the exact viscous fluid FRW cosmological models of 
Coley and Tupper [31]. These models possess the same metric as the FRW models 
but have a different interpretation of the stress-energy tensor. In particular , the 
metric , in cylindrical coordinates, is 
ds2 = -dt2 + t 1(dr 2 + r 2dfJ 2 + dz2 ) 
and the stress-energy tensor is given by 
(6 .80) 
(6.81) 
vvhere µ , p , ua, fJ , aab, qa , TJ , and ( are respectively, the energy density, t hermo'dy-
namic pressure, fluid velocity, expansion , shear, heat-conduction , shear viscosity 
coeffi cient, and bulk viscosity coefficient. The fluid flow is given by 
,vhere 
2 
U a = (-a ,0,0,,Bt3) 
,8 
1 + ht-b 
J1 + 2ht-b ' 
ht-b 
J1 + 2ht-b 
(6.82) 
(6.83) 
(6.84) 
6.3. Discussion 
h, and b, are positive constants. 
Following the procedure set out in the previous section, and defining 
T 
D(T) 
1 
3f3 and 
T2 
9 ' 
it thus follows that all the conditions for an IS are satisfied. 
In (T,r,e, z) coordinates, the unphysical fluid flow is given by 
63 
(6.85) 
(6.86) 
(6.87) 
Thus as T ----+ o+, *uT and *uz approach infinity, hence the fluid flow is not regular 
at the IS. This result has previously been stated by Goode and Wainwright [5]. 
6.3 Discussion 
It is possible to recast the FRW Result (Theorem 6.1.1) in a more physical way. 
Theorem 6.3.1 (FRW Result: Alternate statement) 
A FRW model admits an IS, at which the fluid flow is regular, if and only if the 
model is initially decelerating, i.e. , q > 0. 
This statement is a simple consequence of the FRW Result and the definition of the 
deceleration parameter , q, which is defined as 
.. 
aa 
q -~. 
a 
(6.88) 
Together with Corollary 6.1.2 this gives an interesting result about FRW models. 
Corollary 6.3.1 
A non-dust , non-asymptotic dust , perfect fluid FRW model is initially decelerating 
if and only if it possesses a limiting , -law equation of state where , E IR,, > ~. 
All FRW models are isotropic. The FRW Result thus implies that there exist 
isotropic models which do not have an IS. What does having an IS mean then? One 
of the condition for having an IS was the existence of a limiting , -law equation of 
state with , > ~- Thus a FRW model without an IS but with a limiting , -law 
equation of state must have large negative pressures ( assuming a positive energy 
density) which is not expected in a realistic system. The FRW Result also means 
that exotic equations of state are not compatible with an IS. The other condition 
which defines the FRW models which admit an IS is the deceleration parameter. If 
the model is initially decelerating then it also admits an IS and if the model is not 
decelerating then it does not admit an IS. Thus the requirement of an IS is much 
stronger, in some respects , than just the requirement of isotropy. 
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From the proofs of Lemma 6.1.3 and Theorem 6.1.1 it can be seen that if 
limt-+o+ ~~ exists and is strictly positive, then 1; att) dt = /3 E JR+ . Also note that 
this implies that if lot att dt = oo then the FRW model does not have an IS. The 
physical interpretation o{ this integral is obtained by examining a photon traveling 
on a e = constant, </> = constant, null geodesic which passes through x = 0 (From 
the coordinate freedom we can always choose the photon to have been emitted at 
x = 0) [56 , pp48,55] . From the metric we obtain 
(6.89) 
and if we examine a photon that was emitted at the initial singularity and is now 
at time t vve obtain 
X = ± l a~t) dt. (6.90) 
Thus x is the maximum coordinate range that a photon emitted at the initial 
singularity can reach. If 1; att) dt = oo then there are no particle horizons. This is 
not to say that an IS must have a particle horizon. For example if K=l then x has 
a range from O to 11 and if 1; att) dt is greater than 1r, yet still finit e, then there can 
be no particle horizon. 
This is not an unexpected result as the IS structure has much in common with 
Penrose diagrams. While considering Penrose diagrams , Hawking and Ellis [13, 
p129] state t hat "as long as one considers geodesic observers , one may think of 
the existence of t he particle horizon as a consequence of a past null infinity be-
ing space-like". Figure 6 .1 represents this pictorially. Similarly, the existence of 
particle horizons in space-times with isotropic singularities can be thought of as a 
consequence of t he requirement that the IS be space-like. 
O 's (observer) world line 
/ ~Particle has been 
~ observed by O at p 
Particle worldlines Past null cone 
of Oat p 
Particle horizon 
for Oat p 
Particles not yet 
observed by O at p 
-1-
O's (observer) world line 
/ 
All particles have 
been observed by 
0 at p 
Particle worldlines 
Past null cone 
of Oat p 
Figure 6 .1: On the left is the particle horizon defined by a congruence of 
geodesic curves when past null infinity :r- , is spacelike. The right shows the 
lack of such a horizon if :r- is null. This figure is reproduced from ' The large 
scale structure of space-time [13 , pl28]. 
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One of the outstanding problems with the IS is the lack of a characterizing 
feature. Goode, Coley, and Wainwright, [7] have proposed that 
c cabed 
lim abed == 0 
T-+O+ RefRef 
(6.91) 
is a characterizing property of the IS. From the above work we now have a counter 
example to this proposition. Every FRW model satisfies 
c cabed 
abed == O 
Ref Ref , (6.92) 
since they are conformally flat, but, from Theorem 6.1.1, only the FRW models 
with limt-+o+ ~~ existing and less than zero have an IS. 
Also note that if a space-time has an IS, then there exists a coordinate system 
such that the Weyl tensor is bounded. However the converse is not necessarily true. 
That is, if the Weyl tensor is bounded the space-time does not necessarily have 
an IS, e.g., the FRW models that do not possess an IS. Thus we conclude that 
if there exists a characterising property of space-times that admit an IS, then the 
characterising property will not be any measure of the Weyl tensor. 
The Coley-Tupper viscous fluid FRW models serve as an example of a space-
time that admits an IS yet have a non-regular fluid flow. These models are also 
the first known example of an imperfect fluid which admits an IS. Other examples 
of imperfect fluid models with an IS are the Carneiro-Marugan model [43] and the 
Mimosa-Crawford model [36]. These are examined in detail in Chapter 7. With a 
perfect fluid interpretation, the Coley-Tupper metric would have an IS with regular 
fluid flow. Thus the type of matter , as a result of the new fluid congruence , greatly 
affects the interpretation of the singularity. 
The choice of fluid congruence raises _more questions than just the interpreta-
tional problem. The definition of an IS calls for the existence of an unphysical 
space-time. This unphysical space-time is not unique and this raises the question 
"If the unit time-like fluid congruence is regular in a given unphysical space-time, is 
it regular in all unphysical space-times." This issue is currently an open question. 
Appendix C contains proofs for some other well known results regarding the 
FRW models. 
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Chapter 7 
Examples of Space-Times with 
and without Isotropic Singularities 
A question which naturally follows from the definition of an isotropic singularity 
is what cosmological models actually admit an isotropic singularity at which the fluid 
flow is regular? In this chapter, we collect together the various examples of space-
times which admit an IS that have appeared throughout the literature , along with a 
new example, and we also present some examples of space-times that do not admit 
an IS. In Section 7.3 we discuss the examples ' general characteristics , and draw 
certain conclusions from them. 
7.1 Examples of space-times with an IS 
7.1.1 Kantowski-Sachs models 
The models presented in this section are a solution of Kantowski-Sachs type 
[37, 39] and the related model of Bianchi type III given by Kantowski [37, 38]. These 
models are irrotational , geodesic , perfect fluid models. The models of Kantowski-
Sachs type have a radiation equation of state p = f µ and the related Kantowski 
models have a dust equation of state p = 0. These models are spatially homogeneous 
but not spatially isotropic. The manifold M for these models is S2 x ffi.2 for E = + 1 
and ffi.4 for E = -1. The metric g , is given in comoving coordinates by 
where A= l - 4Eb
2
t 
9 
( ) { 
Sln y 
f y = sinh y 
and the fluid flow u is 
b is a constant , 
E=+l (Kantow ski -Sachs) 
E = -1 (K antow ski ) 
67 
(7.2) 
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The energy density and length scale are given by 
µ 
l 
3 
4A2t2 
1 (At) 2 
The Kantowski-Sachs models have four Killing vectors given by 
1~ a 
ax 
2~ 
a 
az 
3~ 
a . a 
cos(z) By - cot(y) s1n(z) Bz 
4~ 
. a a 
sin(z) By + cot(y) cos(z) az . 
Now define a cosmic time function T by 
T(t) = V2f;. 
(7.3) 
(7.4) 
(7.5) 
(7.6) 
(7.7) 
(7.8) 
(7.9) 
Let *M be the manifold IR4 covered by the coordinate patch (T, x, y, z), where T E IR. 
Thus M is the open submanifold T > 0 of *M, thereby satisfying requirement (1) 
of the definition of an IS. 
Now define a new coordinate x by x = ~x, and a new constant b by b = -/2 b. 
Hence 
dt = T dT and 
1 
dx = -/2dx. 
Rewriting the metric g in terms of the new T and x coordinates, we obtain 
and 
1 a A--r-1 u = 2 -
BT' 
N ovv define the conformal factor D by 
where 
Eb2T 2 
A=l---
9 
D(T) = T, vvhere T > 0 . 
(7.10) 
(7.12) 
(7.13) 
Clearly this conformal factor satisfies requirements (3) and ( 4) of the definition of 
an IS , with ,,\ = 0. 
The conformally related metric *g is then given by 
(7.14) 
and is certainly C3 and non-degenerate on an open neighbourhood of T = 0, thereby 
satisfying requirement (2) of the definition of an IS. Thus , the Kantowski-Sachs 
models do indeed admit an isotropic singularity- this was first shown by Goode 
and vVainvvright [5] . 
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From Definition (2.2.1), the unphysical fluid flow *u is given by 
* A_1 a u = 2 -8T. (7.15) 
It is clear that *u is C3 on an open neighbourhood of T = 0 in *M, and hence u is 
regular at the isotropic singularity. 
In general it is nonsensical to examine components of the Weyl tensor as they 
have no coordinate independent meaning. However, in the form cabcd the Weyl 
tensor is invariant under conformal transformations. For space-times which admit 
an IS the regularity conditions on the metric at the IS mean that the Weyl tensor 
components must also be regular at the IS. The conformal invariance and regularity 
at the IS together mean that it is sensible to look at the behaviour of the Weyl 
tensor components to make sure that they are indeed regular. 
The Weyl tensor cabcd is bounded at the IS, with some components having a 
non-zero limit. Splitting the Weyl tensor up into its electric, Eab , and magnetic , 
Hab , parts, it is found that the magnetic part is everywhere zero and the electric 
part is bounded at the IS, with some components having a non-zero limit. 
7.1.2 A subclass of Szekeres models 
The Szekeres models [40] are spatially inhomogeneous [42] , irrotational , geodesic, 
pressure-free dust solutions. In this section we will examine the subclass denoted 
by PI in the notation of Bonnor and Tomimura [41]. In comoving coordinates, the 
metric g and fluid congruence u for this subclass is given (in the notation of Goode 
and Wainwright [8]) by 
where 
a 
u =at ' 
5 
A= ax+ by+ c + -k+(x2 + y2), 
9 
and a, b, c, k+, k_ are arbitrary smooth functions of z . 
(7.16) 
(7.17) 
We will further restrict our attention in this subclass by only examining the 
models in which the decaying mode is absent, i.e. , when k_ = 0. This restricted 
set of models has previously been shown by Goode and Wainwright [8] to have a 
Friedmann-like singularity and was first explicitly shown to admit an IS in a paper 
by Goode , Coley, and Wainwright [7]. The manifold M for these models is JR4 . 
The energy density and length scale are given by 
µ 
l 
4A 
3Zt2 
1 2 
Z3{3 
Now define a cosmic time function T by 
and hence , dt 
y2 
-dT. 
9 
(7.18) 
(7.19) 
(7.20) 
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Let *M be the manifold IR4 covered by the coordinate patch (T, x, y, z), where T E IR. 
Thus M is the open submanifold T > 0 of *M , thereby satisfying requirement (1) 
of the definition of an IS. 
Rewriting the metric gin (T, x, y , z) coordinates , we obtain 
(7.21) 
where y2 
Z = A+k+g. (7.22) 
Now define the conformal factor D by 
D(T) = :
2 
, where T > 0. (7.23) 
Clearly this conformal factor satisfies requirements (3) and ( 4) of the definition of 
an IS , with ,\ = !-
The conformally related metric *g and fluid flow *u are then given by 
*ds2 = - dT2 + dx2 + dy 2 + Z 2dz2 , * a U= BT. (7.24) 
It is readily seen that condition (2) of the definition of an IS is satisfied and that 
the fluid flow u is regular at the IS. Thus the Szekeres models with k_ = 0 certainly 
admit an IS. 
The Weyl t ensor behaves qualitatively the same as the Kantowski-Sachs Weyl 
t ensor. It is bounded at the IS, with some components having a non-zero limit , the 
magnetic part is everywhere zero , and the electric part is bounded at the IS, with 
some components having a non-zero limit. 
7.1.3 Mars models 
Niars [34] has found three types of solution corresponding to a perfect fluid with 
an Abelian two-dimensional group of isometries. These isometries act orthogon,ally 
t ransit ively on spacelike 2-surfaces such that both Killing vectors are integrable. In 
comoving coordinates, the third type of solution has a metric g of the form 
at+Ec2 e2a ( t+x) 
ds2 = - e dt2 + eat +Ec2e2a(t+x) dx2 
1 + Ee-2at+ {3e-6at · 
+ ea(t-x)+2ceax dy2 + ea(t-x)-2ceax d z2 ' (7.25) 
where a,c,E,/3 are constants wit h a > 0, E = +1 ,/3 > 0. The fluid flow u is given by 
u 
1 + Ee-2at + {3e-6at 8 
eat+ce2e2a(t+x) at . (7.26) 
7.1. Examples of space-times with an IS 
The energy density and pressure are given by 
µ 
a2 (3e4at + 4c2 ,Be2a(t+x) + 3,8) 
4e 7at+c2e2a (t +x) 
2a2 ,8 
p = µ + 7at+c2e2a(t+ x) 
e 
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(7.27) 
(7.28) 
The manifold M for these models is IR4 , and it is to be noted that they all have 
a big-bang singularity at t = -oo. We can define a cosmic time function T for these 
models by 
and hence, 
1 
dt = aT dT. (7.29) 
Let *M be the manifold IR4 covered by the coordinate patch (T, x, y, z), where T E IR. 
Thus M is the open submanifold T > 0 of *M, thereby satisfying requirement (1) 
of the definition of an IS. 
Rewriting the metric gin (T, x, y, z) coordinates, we obtain 
+ e-ax+2ce"x dy2 + e-ax-2ce0 X dz2] 
1 (7.30) 
and the fluid flow u becomes 
u = aT 
1 + T-2 + ,BT-6 8 
Tec2T2e2a x 8T . (7.31) 
For ,8 > 0, there is a limiting ,-law equation of state, p = ( ,-1) µ, for the perfect 
fluid, with , = 13
4 (which are not physically realistic). If ,8 = 0, then the fluid is a 
stiff fluid , i.e., it has an exact , -law equation of state with , = 2. 
The vorticity scalar, shear scalar, and acceleration for the fluid flow u are given 
by 
w2 0, (7.32) 
(]'2 a2c4 [T3 T f!_] -c2T 2 e2"X+4ax 3 + + T3 e , (7.33) 
·b u ac2T2 e2ax 5t . (7.34) 
It follows that the Mars models are irrotational , perfect fluid models which have 
non-geodesic fluid flows. 
From Equation (3.37) we can see that if a given space-time is to admit an IS 
then Jab must approach zero as the singularity is approached. It is easily seen that 
(7.35) 
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Thus this model cannot admit an IS when (3 -/- 0. 
Now restricting ourselves to the subclass of these models which satisfy /3 = 0, 
we can define the conformal factor D by 
D(T) = fl, T > 0, D(O) = 0. (7.36) 
Clearly this conformal factor satisfies requirements (3) and ( 4) of the definition of 
an IS , with,\= -1. 
The conformally related metric *g and fluid flow *u are then given by 
c2T2e2a x 
*ds2 = - :2(+ T2) dT2 + ec2T2e 2ax dx2 
+ e-ax+2ceax dy2 + e-ax-2ceax d z 2 ' 
and *u a 
. +T2 
(7.37) 
(7.38) 
It is readily seen that condition (2) of the definition of an IS is satisfied, and 
that the fluid flo-w u is regular at the IS as well as being orthogonal to the IS. Thus 
the Mars models with (3 = 0 do admit an IS. This fact was stated by Mars [34] but 
not shovvn explicitly until [28]. 
The Weyl tensor cabcd is bounded at the IS , with some components having a 
non-zero limit. Splitting the Weyl tensor up into its electric, Eab, and magnetic, 
H ab, parts , it is found that the magnetic part limits to zero, as the IS is approached , 
and the electric part is bounded at the IS , with some components having a non-zero 
limit. 
7.1.4 Mimosa-Crawford models 
Mimosa and Crawford [36] have found a class of orthogonal, spatially homoge-
neous, anisotropic, polytropic , irrotational , geodesic, shear-free models. The metric 
for these models is given by 
(7.39) 
where 
sine if 3R > 0 ) 
J (G) = e if 3R = 0 ) 
sinh e if 3R < 0 
' 
vvhere 3R is t he Ricci scalar of spatial hyp ersurfaces and is given by 
(7.40) 
vv here k = 0 ± l. These models are spherically symmetric ( k = + l) , hyperspher-
ically symmetric ( k = - l ), and plane symmetric ( k = 0). The matter source for 
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these models is an imperfect fluid with anisotropic stress and no heat flux. The 
fluid flov\r u is given by 
a 
u = 8t ' g(u, u) = -1. (7.41) 
When k = 0 these models are the flat FRW n1odels. 
The 1nanifold for these models is IR x IR3 for k = 0, or k = -1 , and IR2 x S2 for 
k = l. 
The energy density, pressure , anisotropic pressure , and length scale are given by 
µ 
p 
1~ 
- - 1111 2 
l 
(Cl) 
2 
k 3 - +-
a a2 ' 
-
2
:- Gr-1:2 
0 w·here a # /3 , 
7133 k 
7122 = f 2 ( e) 3 , 
a. 
The Ivfimoso-Crawford models have four Killing vectors given by 
1~ 
a 
Br ' 
~ a 8dJ ' 
I 
3~ ( / ) 8 • ( / ) !,e a COS (J) - - Sln (J) --
, ae , f 8¢ ' 
t . ( ') a ( ' ) fe a Sln (J) - _L COS (J) - ' - . , ae 1 , f a¢ 
(7.42) 
(7.43) 
(7 .44) 
(7.45) 
(7 .46) 
(7.47) 
(7.48) 
(7.49) 
(7 .50) 
In the paper presenting these 1nodels (36], lv1in1oso and Cravlford state that the 
1nodels adn1it an IS. The IS structure has not previously been published for this 
model. lv1imoso and CraVirford 's clain1 that the model admits an IS is only partially 
correct . el~s for the FR~ models , the Min1oso-Cra,;vford n1odels adrnit an IS at ·which 
the fluid floVir is regular if and only if the deceleration paran1eter is greater than zero 
( ,lirhich is true when "l > 1) . The proof of this assertion is virtually identical to that 
of the FR"\i\T case. "\Ne do not present a proof of this assertion as the proof has been 
generalised and is the subject of Section 9.2. 
Splitting the ~ Teyl tensor c abcd up into its electric , Eab , and magnet ic , H ab , 
parts , it is found that the magnetic part is everyvvhere zero and the electric part is 
diagonal and constant . For the case of k = 0 the electric part of the VVeyl tensor is 
zero. 
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7.1.5 Carneiro-Marugan model 
The Carneiro-1\!Iarugan model [43] is the irrotational member of a larger class of 
models known as the RTKO metrics. The manifold, M , for the Carneiro-Marugan 
model is IR4 . The metric g, in comoving coordinates (TJ, x, y, z), is given by 
(7.51) 
where 
a(ry) = ~ [cosh ( ~) - 1] + JIAsinh ( ~) (7.52) 
with A and D being non-negative constants. The fluid flow u is given by 
a l ~a 
u = a(rJ) uo . (7.53) 
The matter source for this model can be interpreted as a superposition of an 
anisotropic scalar field with radiation and dust. Each of the components of the two 
component perfect fluid has the same velocity vector u. The flow is irrotational , 
shear-free and geodesic. The energy density, pressure, and length scale are given by 
µ 
p 
l 
a 1 3---
a3 a2 ' 
_ 2 a_ a +-, .. ( ·) 
2 
1 
a a 3a2 
a. 
(7.54) 
(7.55) 
(7.56) 
The Carneiro-Marugan model is spatially homogeneous but not spatially isotropic , 
and is of Bianchi type III. The three Killing vectors are given by 
1~ 
a a (7.57) --y-
ax 8y ' 
2~ 
a (7.58) 
8y ' 
3~ 
a (7.59) 
az 
The metric also possesses a conformal Killing vector , given by ;TJ. 
Now define a cosmic time function T by 
T(TJ) = TJ. (7.60) 
Let *M be t he manifold IR4 covered by the coordinate patch (T, x, y , z) j where TE IR. 
Thus M is t he open submanifold T > 0 of *M , thereby satisfying requirement (1) 
of t he defini t ion of an IS. 
Now define t he conformal factor D by 
D(T) = a(rJ) , where T > 0. (7.61) 
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Since a(T) > 0 for T > 0, a(T) -+ 0, !; -+ ~, and :;~ -+ ~ as T -+ o+ this 
conformal factor satisfies requirements (3) and ( 4) of the definition of an IS, with 
;\ = 0. 
The conformally related metric *g is then given by 
*ds2 = -dT2 + dx2 + e2x dy2 + dz2 , (7.62) 
and is certainly C 3 and non-degenerate on an open neighbourhood of T = 0, thereby 
satisfying requirement (2) of the definition of an IS. Thus, the Carneiro-Marugan 
model does indeed admit an IS. To the best of the author's knowledge, these models 
have not previously been shown to admit an IS. 
From Definition (2.2.1), the unphysical fluid flow *u is given by 
*u = a~ . (7.63) 
It is clear that *u is C 3 on an open neighbourhood of T = 0 in *M, and hence u is 
regular at the isotropic singularity. 
Splitting the Weyl tensor cabcd up into its electric, Eab, and magnetic, Hab, 
parts, it is found that the magnetic part is everywhere zero and the electric part is 
only dependent on the spatial coordinate x. 
7.1.6 Other models 
In this section, we list all other cosmological models which are known to admit 
an IS. For some models, the authors present the actual conformal structure which 
yields the IS, whilst for the others, the authors simply claim that the models admit 
an IS. 
Collins 71 models 
These models, found by Collins [44] in 1971 , are spatially homogeneous and are 
of Bianchi type VIh. The matter source is an irrotational, geodesic, perfect fluid 
with a , -law equation of state, p = (, - 1) µ. A subclass of these models was 
first shown to admit an IS in 1984 by Wainwright and Anderson [10 , 26]. For this 
subclass, the fluid flow has non-zero shear, although the shear vanishes at the IS. 
The magnetic part of the Weyl tensor limits to zero as the IS is approached, while 
the electric part of the Weyl tensor is bounded at the IS , with some components 
having a non-zero limit. 
Bondi models 
The spherically symmetric dust models of Bondi [45] are irrotational and geodesic, 
and the magnetic part of the Weyl tensor is everywhere zero. It should be noted 
that the Bondi models are a subclass of the full class of Szekeres models. A subclass 
of these models was shown to admit an IS in 1992 by Tod [26]. For this subclass, 
the fluid flow has non-zero shear, with the shear vanishing at the IS , and the elec-
tric part of the Weyl tensor is bounded at the IS , with some components having a 
non-zero limit. 
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Other 
Goode, Coley, and Wainwright [7] state that Wainwright and Hsu [46] have 
shovvn that all Bianchi classes contain solutions vvhich admit an IS , although ( at 
the time of their paper) the only known non-FRW solutions are those shown by 
Wainwright and Anderson (10] ( of Bianchi type VIh). In this thesis we have shown 
that the Carneiro-Marugan model, of Bianchi type III admit an IS. 
The plane-symmetric , stiff matter solutions of Tabensky and Taub (35] are irro-
tational and geodesic, and the magnetic part of the Weyl tensor is everywhere zero. 
Tod [19] states that a certain subclass of these solut ions (those with the coefficient 
b set to zero) admit an IS. Rendall [47] has actually shown that, for a specific case, 
the Tabensky-Taub solutions admit an IS. 
7.2 Examples of space-times without an IS 
7.2.1 Spherically symmetric Wyman models 
The Wyman models are barotropic , irrotational , shear-free, perfect fluid solution 
of the EFE with non-zero expansion and µ + p # 0. In local comoving coordinates 
(t, r, () , ¢), the metric of the spherically symmetric Wyman models [49 , 48] has the 
form 
ds 2 = - - dt2 + dr 2 + r 2 (d() 2 + sin2 ()d¢ 2 ) 1 [ u'
2 
] 
U2 At+B ' 
(7.64) 
where U = U( v) # 0, v = t + r 2 , a prime denotes differentiation w.r.t. v . U also 
satisfies 
U" = U2 {=} u'2 = jU3 - !A. (7.65) 
The quantities A and B are constants satisfying A 2 + B 2 # 0, i.e. , it is not permitted 
that both A = 0 and B = 0. The energy density, µ , and the pressure, p, of the 
perfect fluid are given by, 
µ = 3(Av+B ) + 12UU' , 20U
4 
µ + P = 3U' . (7.66) 
Let u be the unit flow vector of the fluid , so that g( u , u ) = -1. Since we ' are 
using comoving coordinates, u has the form 
0 8 
u = u 8t ' u
0 > 0. 
Thus g00 u0u0 = -1. Substituting for g00 we obtain 
U'2 1 0 2 
- U2 At+ B (u) 
{:} (uo)2 
- 1 
u2 
U'2 (At+ B ). 
(7.67) 
(7.68) 
(7.69) 
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If a spherically symmetric Wyman model has an IS , then each flow-line given 
by r, B, ¢ constant will encounter the IS at a particular value oft (where t could be 
infinite). That is , t = t( r) is the "equation" for the IS in the physical space-time. 
We note , firstly, that the metric will only be Lorentzian when At+ B > 0, which 
will henceforth be a requirement. This implies that: 
if A= 0 then 
' 
if A> 0, then 
if A< 0, then 
B > 0 
t > _B 
A 
t < _B 
A 
t E (-oo, oo), 
t E (-!,oo), 
t E ( -oo, -! ) . 
The expansion scalar B for the fluid is given by 
{
-3./At+B if g, > 0 
B= 
3./ At+B if if, < 0. 
(7.70) 
(7.71) 
(7. 72) 
(7.73) 
It is known [5] that as we approach an IS along a flow-line , B -+ +oo. From the 
expression for e given above it is readily seen, therefore, that metrics with A = 0 do 
not have an IS. Also, for metrics with A > 0 or A < 0, no flow-line can encounter 
an IS at t0 = t(r0 ), where t0 E IR, since the expansion scalar is not infinite there. 
This leaves only two possibilities: 
1. if A > 0, the IS occurs at t = + oo along every flow-line , or 
2. if A < 0, the IS occurs at t = -oo along every flow-line. 
Since U( v) -/- 0, then along any given flow-line either U > 0 or U < 0. Also 
U" = U2 > 0, so that U' is a strictly monotonically increasing function of t along 
each flow-line. 
We firstly consider case (1) above. 
It is known [14] that as we approach an IS along a flow-line, µ + p -+ +oo. 
For the spherically symmetric Wyman models, 
20 U4 
µ+p = 3 u,· 
Now suppose that , as t-+ +oo: 
a. U' -+ - /3 or 0, where /3 E JR+. 
(7.74) 
This implies that µ + p < 0 as t -+ +oo, so that an IS cannot occur there. 
b. U' -+ /3, where /3 E JR+. 
From the equation U12 = iU3 - !A, it follows that 
1 
U ---, [~ (If+! A)] 3 (7.75) 
Thus 
4 
20 [~(/3 2+!A)] 3 
µ + p -+ 3 /3 E IR as t -+ +oo, (7.76) 
so that an rs cannot occur there. 
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c. U' --+ +oo. 
This implies that U is a strictly monotonically increasing function oft 
along the flow-line as t --+ +oo. Indeed, from the constraint equation 
U12 = iU3 - !A, it may be seen that U --+ +oo as t --+ +oo. This case 
requires further examination. Using the asymptotic relationship 
we obtain the following asymptotic relationships: 
µ ~ 3At + 12j U~ 
and µ+p ~ lO j U~. 
(7. 77) 
(7.78) 
(7. 79) 
It is known [14] that as we approach an IS with ,\ = -oo, µ = o(µ + p). 
Since, in this case, µ > µ + p as t --+ +oo, an IS with ,\ = -oo cannot 
occur there. 
It is also known [14] that as we approach an IS with -oo < ,\ < 1, 
µ + p ~ i(2 - ,\)µ. In this case, the following asymptotic relationship 
would have to hold: 
10 -/2 u~ ~ 
v13 
(2 - ,\)At ~ 
-/2 5 2(2 - ,\)At+ 8-(2 - ,\)U2 
v13 
-/2 5 
-(4,\ - 3)U2 
v13 
(7.80) 
(7.81) 
Now 2-,\ > 1 and A> 0. If,\ < i, then 4,\-3 < 0, and it may be seen 
that the above asymptotic relationship cannot hold. Thus an IS with 
-oo < A < i cannot occur as t --+ +oo. 
If i < ,\ < 1, then 
where (7.82) 
(7.83) 
Now U' ~ j U ~, so that 
(7.84) 
Using L'Hopital 's rule yields 
(7.85) 
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which is not consistent with the asymptotic relationship (7.83) given 
above. Thus an IS with i < A < l cannot occur as t ---+ +oo. 
The only remaining possibility is that as t ---+ +oo, we approach an IS 
with,,\= i- For this case, t = o(U!). It is known [5] that as we approach 
an IS along a flow-line, 
Cabcdc abed O 
-------+ . 
RPqRpq 
(7.86) 
In this case, 
(7.87) 
( 256U6 U' 2 - 768U3U14 + 576U16 ) r 4 
RpqR -pq - u'2 
+ ( 192r2 U3 U12 - 288r2 U14 - l8AUU1 + 216UU13 
-72U4u' + 36(At+ B)u'2) (A~;/l 
(- 864UU15 - 48AU4 U' + 72AUU13 - 192U7 U' + 864U4 U' 3) r 2 
+ ---'----------------------------'--U'2 
48U8 - 192u5 u' 2 - 48Au2u' 2 + 336U2 U' 4 + 24AU5 + 3A2 U2 
+-----------------------U'2 
(7.88) 
One can analyse the asymptotic behaviour of RPq Rpq using the relation-
ship 
, v2 ~ [ 3A]! U = v'3 U 2 1 - 8 U3 (7.89) 
It is found that the largest terms, namely those of order U6 , cancel one 
11 
another, as do the next largest terms, namely those of order U2. There-
11 
fore , RPqRpq = o(U2). It follows that 
u! = 0 ( cabcdcabcd) . 
RPqRpq 
(7.90) 
Thus the condition that c~;;~abcd -+ 0 as t -+ +oo does not hold , so that 
pq 
an IS with A = i cannot occur there. 
We conclude that for spherically symmetric Wyman models with A > 0, no IS 
occurs at t = +oo. 
Now consider case (2), where A< 0. We will examine the possibility that an IS 
occurs at t = -oo along every flow-line. 
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Recall that as we approach an IS along a flow-line , µ + p -+ +oo. For the 
spherically symmetric Wyman models , 
20 U4 
µ+p = 3 U'. 
Now suppose that , as t -+ -oo: 
(7.91) 
a. U' -+ -oo or - /3, where /3 E IB_+. This implies that µ+p < 0 as t-+ -oo, 
so that an IS cannot occur there. 
b. U' -+ /3, where /3 E IB_+ . From the equation U12 = iU3 - !A, it follows 
that 
(7.92) 
Thus 
4 
20 [~(/32 +!A)] 3 
µ + p -+. 3 /3 E IB. as t -+ -oo, (7.93) 
so that an IS cannot occur there. 
c. U' -+ o+. This implies that U is a strictly monotonically increasing 
function oft along the flow-line. So vve can set U = !(3A)i + H(t) , 
where H(t) -+ o+ and H' = U' > 0 as t -+ -oo. Substituting these 
expressions for U and U' into the equation U12 = iU3 - !A, we obtain 
2 [1 1 ] 3 1 (H') 2 = - -(3A) 3 + H - -A 
3 2 4 
(7.94) 
2 [ 3 3 2 3 1 2 3] 1 
3 8
A+ 4 (3A)3 H+ 2(3A )3H +H - 4A. (7.95) 
Since H = o(l) as t -+ -oo, this implies that, as t -+ -oo, 
1 2 (H') 2 ~ 2 (3A) 3 H 
1 1 1 
{=} H' ~ - v12 (3A) 3 H 2 (since A < 0) 
H' l 1 
{:} H ! ~ - v2(3A) 3. 
Using L'Hopital's rule yields 
1 1 1 
2H2 ~ - -(3A)3t 
v2 ' 
(7.96) 
(7.97) 
(7.98) 
(7.99) 
which cannot be true since 2H! -+ o+ but - J2" (3A) it -+ -oo as t -+ 
-oo. We conclude that the asymptotic behaviour U' -+ o+ as t -+ -oo 
is not consistent vvith the constraint equation U12 = i U3 - ! A, which 
must be satisfied by these models. 
Thus for spherically symmetric Wyman models with A < 0, no IS occurs at 
t = -00. 
This then proves that the spherically symmetric W yman models do not admit 
an isotropic singularity. 
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7.2.2 Plane symmetric Collins--Wainwright models 
The Collins-Wainwright models are expanding, irrotational , shearfree, barotropic , 
perfect fluid models. The models are spatially homogeneous but tilted and anisotropic . 
In local comoving coordinates (t, x, y , z), the metric of the plane symmetric Collins-
Wainwright models [49] has the form 
ds 2 = - - - dt 2 + dx 2 + e- 2x(dy2 + dz 2 ) , c2 [ u'2 ] u2 m2 (7 .100) 
"here U = U( v) # 0, v = t + x, a prime denotes differentiation w.r.t. v, and 
U" + U' = -U2 . (7. 101) 
The quantities C and m are positi, e constants . The energy density, µ, and the 
pressure, p , of the perfect fluid are given by, 
µ = ~ 2 [3m2 - 2U3 - 3(U'+U)2] , 
2U4 
µ+p= c 2 u1 • (7. 102) 
Let u be t he unit flovv vector of t he fluid , so t hat g( u , u) = -1. Since v"\ e are 
using como ing coordinates, u has the form 
o a 
U= 'U 8t' uo > 0. 
Thus g00 u 0u 0 = -1. Substituting for g00 " e obtain 
c2 u'2 o ? 
- - - (u )-
m2 u2 -1 
? u') m- -
c2 u'2· 
The expansion scalar e for the fluid is given b -
{ 
3m 
e= C 
- 3~ 
-
if U' > 0 
if -=t < 0. 
(7 .103) 
(7. 104) 
(7. 105) 
(7 .106) 
The flo,"\-lines of the fluid are gh en b - x = constant, y = constant , and z = constant . 
It is kno\"\1n [5] that as " e approach an IS along a flo\\-line , e --+ +oo. Since, for 
he plane s in1metric Collins- ~1ain\"\ right models the expansion scalar is either a 
posit iYe cons ant or a negative constant along each flo\"\ -line , i is clear tha the 
condi ion e --+ +oo is neYer sa isfi ed along a flo-, --line. Thus t he plane symmetric 
Collins-'\ Tain\"\ right models do not admit an iso ropic singularit.,-. 
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7.2.3 Other models 
(non-FRW) Bianchi type I space-times filled -with a polytropic perfect fluid have 
either a cigar or pancake singularity [13, ppl43-5] , and hence do not have an IS. 
N ayak and Bhuyan [50] show that Bianchi type V perfect fluid models have a 
velocity dominated singularity. They also show that case I of their solutions have 
a cigar-like singularity, thus we can see that they cannot have an IS. This is an 
example of a velocity dominated singularity that is not an isotropic singularity. 
The Kasner metric is a vacuum metric and hence does not have an IS. 
Some Barnes-Stephani [51, p364] models do not have a point-like singularity and 
hence do not have an IS. 
7.3 Discussion 
In Section 7.1 we have listed and examined, in varying detail , all cosmological 
models which are known to admit an IS , except for the FRW models which are 
discussed in detail in Chapter 6. We note that all the models discussed have a 
perfect fluid source, except for the Mimoso-Crawford models , the Carneiro-Marugan 
model , and the Coley-Tupper FRW models. The Mimoso-Crawford models have an 
imperfect fluid source corresponding to an anisotropic fluid without heat flux. The 
matter source for the Carneiro-Marugan model can be interpreted as a superposition 
of an anisotropic scalar field with radiation and dust. Coley-Tupper FRW models 
have a viscous fluid source. The conformal structure which yields an IS for the 
Mimoso-Crawford models has been presented for the first time in this thesis. The 
Carneiro-Marugan model is a new model to the literature of space-times which 
admit an IS. 
It is instructive at this point to place all the perfect fluid models in a table (see 
Table 7.1), categorised according to their physical attributes- the fluid vorticity, 
shear, and acceleration; the Weyl tensor; the electric and magnetic parts of the 
Weyl tensor; the equation of state for the perfect fluid. 
Models Wab O'ab ua ca bed Eab H ab p = p(µ) >. 
FRW 0 0 0 0 0 0 yes ( a subclass) 2 - ~' 
Kantowski-Sachs 0 (a) 0 (b) (b) 0 yes (p = lµ) 0 
Szekeres (subclass) 0 (a) 0 (b) (b) 0 yes (p = 0) l . ?, 
Bondi 0 ( a) 0 (b) (b) 0 yes (p = 0) 1 2 
Tabensky-Taub 0 (a) 0 (b) (b) 0 yes (p = µ) -1 
Collins 71 0 (a) 0 (b) (b) ( a) yes (p = (, -1) µ) 2 - ~' 
Mars 95 0 ( a) ( a) (b) (b) (a) yes (p = µ) -1 
Table 7.1: Perfect fluid cosmological models with an IS: (a) means that the 
relevant tensor is non-zero away from the IS but vanishes as the IS is ap-
proached, (b) means that the relevant tensor components are bounded as the 
IS is approached , with some components having a non-zero limit. 
7. 3. Discussion 
Wab O'ab 'Ua ca bed E ab H ab p = p(µ) 
FRW 0 0 0 0 0 0 sometimes 
Collins-Wainwright 0 0 (c) (c) (c) 0 yes 
Wyman 0 0 (c) (c) (c) 0 yes 
Barnes-Stephani 0 (c) 0 (c) (c) 0 (d) 
Table 7.2: Perfect fluid space-times with no IS: (c) means that the relevant 
quantity is non-zero , ( d) means that I am unsure of the behaviour of the 
relevant quantity 
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A number of interesting characteristics are apparent from Table 7.1. Apart from 
the FRvV models, all other perfect fluid models which are known to admit an IS 
have an exact ry-law equation of state. This poses t he question: do there exist any 
non-FRW barotropic perf ect flu id cosmological models which admit an IS) yet which 
do not have an exact ry -law equation of state? 
All perfect fluid models in the table are irrotational. Indeed , the General Vor-
ticity Result of Scott [14] proves that a barotropic perfect fluid cosmological model) 
which satisfies the dominant energy condition) with non-zero vorticity cannot admit 
an IS. We also note that t here is one class of models in t he table, namely the Mars 
models , which have a non-geodesic fluid flow. We deduce from t his that , unlike irro-
tationality, geodesicity of the fluid flow is not a necessary condit ion for a barotropic 
perfect fluid cosmological model to satisfy in order to admit an IS. 
_An important problem, with regards to t he IS , has been to produce a precise set 
of necessary and sufficient conditions which a barotropic perfect fluid cosmological 
model must satisfy in order to admit an IS at which t he fluid flo-w is regular. This 
problem is often referred to as t he characterisation problem and has been examined 
in Chapter 9. Table 7.2 provides an important source of counter-examples to can-
didate solut ions to t he characterisation problem. It is also used in a proof of the 
Zero Acceleration Result ( Chapter 8). 
vVe also note , from Table 7.1 , t hat t he FRW models are the only models present 
·with Weyl tensor components cabcd ·which all vanish as the IS is approached. This 
lends weight to what is knovvn as t he FRW conjecture (see Chapter 2). 
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Chapter 8 
Zero Acceleration Result 
Given t he definition of an IS (Definition 2.1.1), a question which naturally arises 
is t he follo-wing: "precisely ,vhat cosmologies actually admit an Isotropic Singu-
larity?" In order to make t he problem more tractable , t he specialisation to perfect 
fluids has been studied by various authors -wit h some success . Goode [18] has shovvn 
t hat perfect fluid cosmologies satisfying the dominant energy condition , vvith a ,1-law 
equation of state, vvhich admit an IS , must be irrotational. Scott [14] has extended 
this result to include all barotropic perfect fluids satisfying the dominant energy 
condit ion - t his is knovvn as the General Vorticity Result ( GVR). In this chapter 
~ e vvill enlarge the current knovvledge of perfect fluid cosmologies which admit an 
IS to include t he foll ovving t heorem. This chapter has previously been published in 
[57] . 
Theorem 8.0.1 (Zero Acceleration Result) 
If a space-t ime (M , g): 
• is a C 3 solut ion of the Einstein field equations (EFE) , 
• has barotropic perfect fluid source , 
and t he unit timelike fluid congruence u is: 
• shear-free , and 
• regular at an isotropic singularity ( 'Nith -1 < ,\ < 1) , 
then the fluid flow is necessarily geodesic. 
vVe note that the technical condition -1 < ,\ < 1 implies that the barotropic 
perfect fluid cosmolog} satisfies the dominant energy condition . The dominant 
energy condit ion can be used instead of the technical condition -1 < ,\ < 1 in 
the statement of Theorem 8.0.1. In the interests of brevity, it vvill henceforth be 
assumed that -when vve say "barot ropic perfect fluid cosmology" we actually mean 
' barotropic perfect fluid cosmology satisfying the dominant energy condition" . 
The General orticity Result enables us to say that barotropic perfect fluid 
cosmologies -wit h non-zero vorticity do not admit an IS. Theorem 8.0 .1 , vvhich we will 
refer to as the Zero Acceleration Result (ZAR) , implies that a shear-free, barotropic 
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perfect fluid cosmology with non-geodesic fluid flow, also does not admit an IS. 
Since the Friedmann-Robertson-Walker (FRW) cosmologies are characterised by 
their globally vanishing vorticity, shear, and acceleration,t the GVR and ZAR can 
be combined to produce the fact that shear-free1 barotropic1 perfect fluid cosmologies 
which are not FRW models1 do not have an IS. 
8.1 Proof of the Zero Acceleration Result by elim-
ination 
We proceed to prove the Zero Acceleration Result (ZAR) using two different 
methods. In this section we present a proof by elimination, based on a theorem due 
to Collins and Wainwright [49]. The importance of this method of proof, given that 
we provide a general proof of the ZAR in Section 8.2, lies in the demonstration of 
the numerous techniques that we now have at our disposal for deciding ·whether or 
not a specific given space-time actually has an IS. We commence by quoting the 
Collins and Wainwright theorem. 
Theorem 8.1.1 
Any barotropic, irrotational, shear-free, perfect fluid solution of the EFE with non-
zero expansion and µ + p # 0 is either 
1. a FRW model, or 
2. a spherically symmetric Wyman model, or 
3. a plane symmetric Collins-Wainwright model. 
Proof of the ZAR by elimination. Scott [14] has shown (GVR) that a space-time 
which satisfies the conditions of Theorem 8.0.1 must be irrotational. It is also 
shown in [14] that if a perfect fluid space-time has an isotropic singularity at which 
the unit timelike fluid congruence is regular, then µ + p # 0 as the singularity is 
approached. (More precisely, if a perfect fluid space-time has an IS at which the 
unit timelike fluid congruence is regular , then there exists an open neighbourhood U 
of the spacelike hypersurface T = 0 in *M such thatµ+ p # 0 anywhere in U n M.) 
Finally, vve note that Goode and Wainwright [5] have shown that the expansion of 
the fluid limits to positive infinity as the IS is approached, so that the fluid must 
have non-zero expansion. 
We have now shovvn that if the conditions of Theorem 8.0.1 are satisfied, then 
the conditions of Theorem 8.1.1 are also satisfied. This means that we have only 
three possible models to consider. Both the spherically symmetric Wyman models 
and the plane symmetric Collins-Wainwright models need to be eliminated from 
consideration , since neither has a geodesic fluid flow. From sections 7.2.1 and 7.2.2 
\Ve already kno-\v that both of these models do not have an IS , and thereby do not 
t See appendix C 
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satisfy the conditions of Theorem 8.0.1. This then leaves only the FRW models 
with their geodesic fluid flows and we are done. D 
8.2 General proof of the Zero Acceleration Result 
The proof by elimination of the ZAR utilises the theorem of Collins and Wain-
wright [ 49]. Given the existence of the proof by elimination, there should also exist 
a general proof, which we now give. We believe that the general proof may also pro-
vide direction on how to proceed in proving the FRW conjecture (see the discussion 
in Chapter 7). 
General proof of the ZAR. In order to prove Theorem 8.0.1, we will show that, for 
a space-time which satisfies the conditions of the theorem, the electric and magnetic 
parts of the Weyl tensor must be zero. A barotropic perfect fluid cosmology with 
zero Weyl tensor must be a FRW model, and hence the fluid flow is geodesic. 
The General Vorticity Result of Scott [14] ensures that a space-time which satis-
fies the conditions of Theorem 8.0.1 must be irrotational - i.e., the vorticity, w2 , of 
the fluid must satisfy w 2 = 0. Furthermore, a space-time satisfying the conditions 
of Theorem 8.0.1 is also shear-free, i.e., a 2 = 0. 
The vorticity, w 2, and the shear, a 2, of the fluid are related to the vorticity, *w2, 
and the shear, *a2, of the unphysical fluid flow, *u, in the unphysical space-time 
(*M , *g) by 
*w2 = n2w2 
' 
=* *w
2 
= 0 
*a2 = n2a2 
=* *a
2 
= 0 (8.1) 
The constraint equation , equation (A.65) , for the magnetic part of the unphysical 
Weyl tensor is given by 
*H - 2*" * *h *h (* (t * (t ) * s)fbu ad - U(a Wd) - at ds W b*;c + CT b*;c rJ UJ , (8.2) 
·which reduces to 
*Had= 0. (8.3) 
The physical and unphysical magnetic parts of the Weyl tensor are related by 
Hab = *Hab, (8.4) 
and thus the magnetic part of the Weyl tensor for the physical space-time is zero 
as required. 
The Einstein tensor for (M , g) can be decomposed relative to the fluid flow , u , 
as follows: 
(8.5) 
where 
A= G cducud, 
~a = -hacRcdud , 
(8.6) 
and 
(8.7) 
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A perfect fluid cosmology satisfying the conditions of Theorem 8.0.1 is irrota-
tional, and the unit timelike fluid congruence is regular at an isotropic singularity. 
We have the freedom to choose a cosmic time function T defined on *M, and a 
conformal factor D(T), such that the unphysical fluid flow *u in *M is orthogonal 
to the spacelike hypersurfaces T = constant. Using such a cosmic time function , we 
will employ comoving normal coordinates (T, xa) based on the hypersurface T = 0 
in *M. The hypersurface T = 0 in *M is referred to as the isotropic singularity. 
A perfect fluid satisfies the field equation ~ab = 0. Thus , in normal coordinates, 
the unphysical counterpart *~ab is given by (see Section 3.3) the equation 
~ab 
~ab 
D' 
- 2F-*a b n a 
0. 
(8.8) 
(8.9) 
Written in terms of geometrical quantities , the unphysical shear propagation 
equation, equation (A.55), is given by 
(8.10) 
which, in the present situation, reduces to 
*h a*h C* · 1 *h *·a *" *" *E 0 
- r s U(a *;c) + 3 rs U *; a - Ur Us + rs = · (8.11) 
The (Oa) equations are trivial, so setting r = µ, s = v and raising these indices, and 
noting that in normal coordinates *hao = 0, we obtain the equation 
- *hµa*hVf3*u" . + l *hµv* . a . - * . µ*. V + *Eµv - 0 ( a "';fJ) 3 U "';a U U - . (8.12) 
The Bianchi identity dealing ·with the propagation of the electric part of the 
unphysical Weyl tensor is given by (see Appendix A) the equation 
(8.13) 
·which, in the present situation, reduces to 
Since a perfect fluid satisfies the field equation ~ a = 0, in normal coordinates 
( see Section 3. 3) , the unphysical counterpart *~a is given by the equation 
(8.15) 
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and thus the terms on the right hand side of the reduced Bianchi identity ( equation 
(8.14)) become 
*u(t~m) D' (8.16) 2F *·t*·m -u u D 
~(a *;,8) 
D' D' 
- 2FD*ua*u,e + 2FD*u(a *;,8) (8.17) 
D' D' (8.18) ~a *· a - 2F-*ua*u + 2F-*ua*· 
) D a D ,a 
*" ~a D' (8.19) 2F *. a*· Ua Du Ua. 
For the reduced Bianchi identity, the (Oa) equations are trivial, so setting m = 
µ , t = v, the Bianchi identity further simplifies to the equation 
(8.20) 
Now inserting the shear propagation equation (8.12), and noting that in normal 
coordinates *h 0 µ = 60 µ, we obtain the very simple equation 
In normal coordinates, 
*fµ - 1 * WY * Oa - 2 g g,a,O , *8µ - F *gµ'*g a - 2 ,a,O 
We also know that 
*aµ + l *8*hµ Q 3 Q 
l *8*hµ 3 Q• 
Thus 
*rµ - *8 ;.µ Oa - 3Fu a· 
Inserting this expression for *fµoa into equation (8.22) yields the equation 
*Eµv + - + - *Eµv = 0 ( 
5*() D') 
,o 3F D ' 
from which ,iVe readily obtain the equation 
(8.21) 
(8.22) 
(8.23) 
(8.24) 
(8.25) 
(8.26) 
(8.27) 
(8.28) 
(8.29) 
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In order to solve this system of partial differential equations, we first need to 
obtain some initial conditions. From Goode and Wainwright [5, p108] we know that 
2 
:t3S bl and 
3_A a T=O 
(8.30) 
*EablT--0 = 2-A:t3Sablr-o ' 3-A - (8.31) 
where :t3Sa b lr=o is the trace-free Ricci tensor of the isotropic singularity (i.e., the 
hypersurface T = 0 in *M) . Since *2:a b = 0, it follows that 
:t3 b I Sa T=O = 0, 
and thus 
*EablT=O 
------'.._ *E ab I 
------r T=O 
==? (D*Eµv) lr=O 
0 
0 
0. 
(8.32) 
(8.33) 
(8.34) 
(8.35) 
Since we are using comoving coordinates, the coordinates x 0 are constant along 
a flow-line, and thus we can treat the partial differential equations as ordinary 
differential equations, in the variable T, along the flow-line. If D*Eµv was defined on 
an open neighbourhood of T = 0, we could then use a standard existence/uniqueness 
theorem (see Appendix B.3) to show that D*Eµv 0. However, D*Eµv is only 
defined on the interval [O, b), where b is some positive constant. Suppose then that 
D*Eµv # 0 anywhere on (0, b). (If D*Eµv = 0 at any point in (0, b), then we could 
apply the standard existence/uniqueness theorem to obtain D*Eµv O on [O , b)). 
Let a E (0 , b) and set (D*Eµv)(a) = (D*Eµv)a # 0. Then 
(D*Eµv) ,o 5*fJ 
- - (D*Eµv # 0 by assumption) (8.36) (D*Eµv) 3F 
T s*e 
==? (D*Eµv) (T) (D*Eµv)a e- Ia 3F dT. (8.37) 
Now since F and *f) are, respectively, at least C 3 and C 2 and F # 0 on an open 
neighbourhood of T = 0, 
!T 5*fJ - dT = 0(1) a 3F 
T5~ . It follows that e- Ia 3F dT + 0 as T --+ o+' and since (D*Eµv)a # 0, 
(D*Eµv) -f O as T --+ o+ , 
(8'.38) 
(8.39) 
which contradicts the above initial condition ( equation (8.35)) . Hence, along the 
flow-line , 
0 
0 since D > 0 on ( 0, b) 
0. 
(8.40) 
(8.41) 
(8.42) 
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The physical and unphysical electric parts of the Weyl tensor are related by 
0. 
(8 .43) 
(8 .44) 
Since Eab = 0 along every flo-w-line, the electric part of the Weyl tensor for the 
physical space-time is zero, as required. 
D 
8.3 Discussion 
It is interesting to note that there may exist barotropic perfect fluid cosmological 
models , ·with unit timelike fluid congruence which is regular at an IS , which do not 
satisfy t he dominant energy condit ion, yet ·which are irrotational. Such models can 
be accommodated in an alternative version of Theorem 8.0 .1 , given as Theorem 
8 .3 .1. Neither the proof of the Z_AR by elimination (Section 8 .1) , nor t he general 
proof of the ZAR (Section 8.2) use the dominant energy condition , except , in so 
far as it is needed to prove the GVR of Scott [14] . We can therefore remove the 
dominant energy condit ion assumption from the statement of Theorem 8.0.1 (i. e., 
-1 < ,\ < 1) and instead replace it ·with the assumption t hat t he fluid flow is 
irrotational, and the two proofs ·will proceed exactly as before. 
Theorem 8.3.1 (Alternative Zero Acceleration Result) 
If a space-t ime ( M , g) : 
• is a C 3 solut ion of t he Einstein fi eld equat ions (EFE) , 
• has barotropic perfect fluid source , 
and the unit t imelike fluid congruence u is: 
• irrotational, 
• shear-free , 
• regular at an isotropic singularity, 
then t he fluid fl ow is necessarily geodesic. 
Perfect fluid space-times can be categorised according to their vorticity, shear , 
acceleration , and expansion. Using this categorisation , all currently known results 
about barotropic perfect fluid cosmologies with a unit t imelike fluid congruence 
·which is regular at an isotropic singularity are summarised in Figure 8.1. 
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Figure 8.1: Known results about barotropic perfect fluids 
The abbreviations used in Figure 8.1 are: 
GW85 Goode and Wainwright's 1985 paper [5] on Isotropic Singularities 
GVR The General Vorticity Result [14] due to Scott (note: -1 < ,,\ < 1) 
ZAR The Zero Acceleration Result 
FRWR The FRW Result [33] 
NO IS The unit timelike fluid congruence is not regular at an isotropic singularity 
Figure 8.1 shows that much is already known about barotropic perfect fluid 
cosmologies in relation to isotropic singularities. Goode and Wainwright [5] have 
shown that the expansion of the fluid must approach infinity at an isotropic singu-
larity, and hence , whenever the expansion of the fluid does not approach infinity at 
the initial singularity, there can be no IS. Scott [14] has shown that for barotropic 
perfect fluid cosmologies satisfying the dominant energy condition, if the space-time 
has an IS , then the vorticity of the fluid is zero. Hence , given that the dominant 
energy condition holds , whenever the vorticity is non-zero , there can be no IS. In 
this chapter -we have shuwn (ZAR) that if the fluid is irrotational , shear-free, and 
not geodesic, then there can be no IS. In Chapter 6 we derived the precise necessary 
and sufficient conditions for a Friedmann-Robertson-Walker model to admit an IS . 
The only remaining unknown cases, therefore, are for irrotational perfect fluids with 
non-zero shear. 
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For the case of a barotropic, irrotational , perfect fluid cosmology with non-zero 
shear, there are examples of cosmologies ·with , and vvithout , geodesic fluid flow , 
both with , and without , isotropic singularities. For example , the Kantowski-Sachs 
models [39] are irrotational, have non-zero shear and geodesic fluid flovv and have 
an IS [5] . The cosmologies given by Mars [34] are irrotational , have non-zero shear, 
and are not geodesic , some of which have an IS. A. review of known examples of 
cosmologies vvhich admit an IS is given in Chapter 7. 
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Chapter 9 
Characterising Feature 
As noted in Chapters 2, and 6, in order to show that a space-time has an IS one 
must find the conformally related structure outlined in Definition 2.1.1. However 
if a conformally related structure cannot be found it does not necessarily imply 
that one does not exist. This problem could be avoided if a characterising feature 
of cosmological models which admit an IS was known. It is the purpose of this 
chapter to determine, for a large class of space-times, a characterising feature for 
space-times which admit an IS. This chapter will be published in [58]. 
In Section 9.1 we show that the behaviour of the deceleration parameter is fixed 
to be greater than zero in a space-time that admits an IS. A restricted metric (RM) 
is defined in Section 9.2 and the geometric conditions which allow a RM space-
time to admit an IS are elucidated. A fluid flow is introduced in Section 9.3 and 
a characterising feature of the IS is found. Section 9.4 examines some classes of 
space-times which satisfy the conditions to be a RM and also brings to light some 
interesting consequences that arise in perfect fluid space-times. 
Goode, Coley, and Wainwright , [7] have proposed that 
c cabed 
lim abed = 0 (9.1) 
T---+O+ Ref Ref 
is a characterizing property of the IS. In Chapter 6 the FRW models are shown to 
be a counter example to this proposition. Every FRW model satisfies 
c cabed 
abed = O 
R ef R ef , (9.2) 
since they are conformally flat. However , from Theorem 6.1.1, only the FRW models 
with limt---+o+ ~~ existing and less than zero have an IS. 
Also note that if a space-time has an IS , then there exists a coordinate system 
such that the Weyl tensor is bounded. However the converse is not necessarily true. 
That is , if the Weyl tensor is bounded the space-time does not necessarily have 
an IS, e.g., the FRW models that do not possess an IS. Thus we conclude that 
if there exists a characterising property of space-times that admit an IS , then the 
characterising property will not be simply a measure of the Weyl tensor. 
In Chapter 6 we have shown that the deceleration parameter, q, is a character-
ising feature for the FRW models . In this chapter we conjecture that the following 
generalisation of the FRW result is true. 
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Conjecture 9.0.1 (Characterising Feature for an IS) 
Consider a space-time (M, g) with unit timelike congruence u which satisfies 
l. l , l > 0 on an open interval (0, t 1), t 1 > 0, 
2. along every flo-w-line, l --+ o+ as t --+ o+, and 
3. there exists a /3 E JR+ U { +oo} such that along every flow-line limt--,o+ q = /3, 
h ll w ere q = - i2 , 
then (M, g) admits an isotropic singularity, with,\= 1 - {3 . 
In support of this conjecturet we present Table 9.1. In this table we calculate the 
limiting value of the deceleration parameter q, down the flow-lines as t --+ o+, for 
cosmological models which are already known to admit/not admit an IS at which 
the fluid flow is regular. Note that for each of these models , the limiting value of q 
is the same down every flow-line. 
Space-time Deceleration Parameter IS at which the 
limt--,o+ q fluid flow is regular 
Kantowski-Sachs [39] 1 Yes 
Szekeres (subclass) [ 40] 1 Yes 2 
Mars [34] 2 Yes 
Carneiro-Marugan [43] 1 Yes 
Collins-Wainwright [49] -1 No 
Collins71 [44] !, - 1 (, > i) Yes 
Mimosa-Crawford [36] 
~' - 1 (, > j) Yes 
Table 9.1: For cosmological models which are known to admit/not admit an 
IS at which the fluid flow is regular we examine the limt--,o+ q to see whether 
it is positive. For each of these models the limiting value of q is the same 
down every flow line. 
9.1 Deceleration parameter 
As with the Hubble parameter , the deceleration parameter is an important pa-
rameter in comparing observational data with cosmological theory. It is defined by 
MacCallum [9 , p97] as 
.. 
ll 
q = - t2 ' (9.3) 
t One of the examiners of this thesis has observed that the full class of Szekeres models (Section 
7.1.2 only examines a subclass) satisfy the criteria of this conjecture but certainly do not all admit 
an IS . The author has since verified that this observation is in fact true and thus the conjecture as 
it stands is false. Another examiner has suggested that the Collins-Stewart perfect fluid solution 
may be another counter-example and that the combination of the conditions in this conjecture 
with some measure of the Weyl tensor may lead to a correct characterising feature. 
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where l is the scale factor. The scale factor , l , is defined by ~ ! where () is 
the expansion scalar for the fluid congruence. The deceleration parameter can be 
expressed in terms of the expansion scalar as follows: 
(9.4) 
In the following lemma we establish the limiting behaviour , as t ~ o+, of the 
deceleration parameter for space-times which admit an IS at which the fluid flow is 
regular. 
Lemma 9.1.1 
If the space-time (M, g) admits an IS at which the fluid flow is regular , then the 
deceleration parameter , q, for the fluid flow , as T ~ o+, has the form 
q 
q 
-L [1 + o(l)] 
(1 - ;\)[1 + o(l)] 
when ;\ = - oo, 
when ;\ #- -oo. 
(9.5) 
(9.6) 
Proof. For a space-time (M, g) which admits an IS at ·which the fluid flow is regular 
the physical expansion scalar, () , and unphysical expansion scalar , *() , and t heir 
respective rate of change scalars, are related by 
() = n-1*() + 3n-2D'T,d *ud , (9. 7) 
iJ = (D')
2
((~) 2 *() + 3(L-2)(T *ua) 2 + ~(3T*· *ua*ud + 3T *ud - *()(T *ua)) ) f24 D' ,a D' ,ad ,a ,a , 
(9 .8) 
. . 
where () = () ua and *() = *() *ua. Thus 
,a ,a 
q = (D')2 [3(T *ua) + R*()J 2 - 1 
D4 ,a D' 
3[3(L - 2)(*'I',aua) 2 + o(l)] _ l 
[3(*uaT,a)2 + o(l)J2 
= -(L - 2)[1 + o(l)] - 1, 
(9.9) 
(9.10) 
(9.11) 
where ~re have used the fact t hat g ~ 0 as T ~ o+ [5, 14], and that T,a *ua #- 0, 
L - 2 #- 0, T,a *ua and T *; ab *ua*ub are at least C3 , *() and T,a *ua are at least C2 and 
*() is C 1 on an open neighbourhood of T = 0. The required results then follow for 
each of t he possible limit ing values of L , namely, - oo < ;\ < 1. D 
Since Lemma 9.1.1 demonstrates that every space-time which admits an IS at 
vvhich the fluid flow is regular satisfies condit ion (3) of Conjecture 9.0 .1 then this 
condition is a neccessary component of the characterising feature for an IS. 
From Section 5.4 we know, in addition, t hat if the fluid flow is orthogonal to 
the IS then ;\ is fixed by the limiting ,1-law that the fluid must possess. Thus the 
deceleration parameter is fixed at an IS by the limit ing equation of state. 
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9.2 Specific form of metric 
In this section we will specify a restricted form of the metric and derive some 
preliminary results. In this section no assumptions are made on the matter source. 
In Section 9.3 we introduce a fluid flow and find that Conjecture 9.0.1 is true for a 
restricted form of the metric. This is a generalisation of the theorem found for the 
FRW case (Chapter 6) and the Mimosa-Crawford example (Chapter 7). 
Definition 9.2.1 (Restricted form of metric) For a manifold JRx 3M where M 
is a 3-dimensional manifold, we define the restricted metric , henceforth denoted by 
RM , by a metric which is given in normal coordinates by 
d 2 - dt2 2( )j ( ' )d ad (3 s - - F 2 (x,) · + a t cr. f3 t, x x x , t > 0, (9.12) 
where the spatial coordinates { x1 } are comoving w.r.t. the timelike congruence 
defined by gt. The following restrictions are made on this metric: 
1. a(t) is at least C3 , a(t) > 0, and !~ > 0 on (0, t 1] for some t 1 E JR+, 
2. a ( t) -+ 0 as t -+ o+, 
3. F is at least C 3 on M , and 
4. f cr.f3 (T, x 1 ) is at least C 3 and non-degenerate on [O, c5 =T(t1 )], for some t1 E JR+, 
where T(t) limE-+O+ JEt a(~)du . 
We note that once the characterising feature for an IS has been assumed in 
Lemma 9.2.2 and Lemma 9.2.3 it will become apparent that the coordinate T(t) is 
well defined. 
In order to look at the RM space-times t hat have an IS , we must set up a 
conformally related unphysical space-time. Following the procedure used in Chapter 
6, vve define a function H(t) on (0, t 1] by ' 
l t1 1 H (t) t a(u)du. 
We use H ( t) in the follovving lemma. 
Lemma 9.2.1 
(9. 13) 
A RM model satisfi es conditions (1), (2), and (3) of the definition of an IS if H(t ) -+ 
/3 E JR+ as t approaches zero. 
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Proof. The function H(t) is a positive and strictly monotonically decreasing function 
on ( 0, t 1], decreasing to zero at t 1 . This behaviour guarantees that limt-to+ H ( t) 
always exists, so that the condition H(t) ----+ (3 E JR+ as t----+ o+, only discludes those 
RM models for which H ( t) ----+ +oo as t ----+ o+. 
Assuming that H ( t) ----+ (3 E JR+ as t approaches zero, define the function T on 
the interval (0, t 1] by 
it l T(t) lim ( ) du. E-tO+ E a u (9.14) 
It is evident that T(t) + H(t) = (3, from which it follows that the function T(t) 
is well defined and positive, strictly monotonically increasing on (0, t 1], and that 
T ( t) ----+ 0 as t ----+ 0 + . 
We now devise the conformal structure required to demonstrate that these mod-
els admit an IS. The manifold M for a RM model is IR x M where M is the 
3-dimensional manifold corresponding to the space-like hypersurfaces given by t = 
constant. The coordinate patch used thus far to represent Mis (t, xa), where t > 0, 
and ( xa) is a coordinate patch on M. We define the manifold *M to also be IR x 3M. 
The coordinate patch (T, xa) will be employed for *M , where TE IR. 
We need to check that the first three conditions of the definition of an isotropic 
singularity are satisfied: 
(1) By construction, M is the open submanifold T > 0 of *M. 
(3) Define D(T) a(t) for T E (0, 5], t E (0, t 1], where 6 = T(t 1 ) and D(O) = 0. 
It is clear that D E C0 [O, 5] and D(O, 5] > 0. The derivatives of D are: 
D'(T) 
D" (T) 
D"' (T) = 
(9.15) 
(9.16) 
(9.17) 
vlhere a prime denotes differentiation w.r.t. T. Since a( t) is at least C 3 on 
(0, t1J, DE C3(0, 5] . 
(2) Define the metric *g on M by *g = n-2 g. In (t, xa) coordinates the metric g 
is given by equation (9. 12). In (T, xa) coordinates the metric g is given by 
ds 2 d a' d b' ga'b' X X 
D2(T) dT2 n2(T)f ( a)d ad /3 
- F 2 ( xa) + ::, t, a/3 X X X 
D2 (T) ( ~ F 2 ~x°') dT2 + f 0 13 (x")dx 0 dx13 ) . 
Thus the metric *g on M in (T, xa) coordinates is given by 
(9.18) 
(9.19) 
(9.20) 
(9.21) 
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Now F(xa) is at least C 3 on M and f af3(T , x1 ) is at least C3 and non-
degenerate on [O, 5] x M. It follows that the metric *g on *M , where T > 0, 
can be extended to form a regular ( C 3 and non-degenerate) metric on an open 
neighbourhood of T = 0. 
D 
The limiting behaviour of various tensorial quantities near an IS is different in 
the ,\ = -oo to the -oo < ,\ < 1 cases. We will investigate the ,\ = -oo case in 
Lemma 9.2.2 and the remaining cases in Lemma 9.2.3. 
Lemma 9.2.2 
d 2 a 
Consider a RM space-time (M, g) for which limt--+o+ -;~ = +oo . Then (M , g) 
admits an IS with ,\ = -oo. 
2 
ad a 
Proof. We have assumed that (~S2 -+ -oo as t-+ o+. Since a(t), ~~ > 0 on (0, t 1], 
it is apparent that there exists a t 2 E (0, t 1] such that ~~ < 0 on (0 , t 2]. So ~~ is 
a strictly monotonically decreasing function on (0 , t 2]. It follows that as t -+ o+, 
either da -+ a E JR+ or da -+ +oo dt dt . 
Set 
where 'I(t) -+ +oo as t-+ o+, (9 .22) 
a 
(9 .23) 
Thus 
o ast-+ 0. 1 ( dd
2
tf ) + 
a = - (~~)2 (9 .24) 
Now 
- dt2 du= - --1t2 d2a (u) 1 1 t ( ~~ ) 2 ( U) ~~ ( t2) ~~ ( t) ' (9 .25) 
and since either ~~ -+ a E JR+ or ~~ -+ +oo as t -+ o+, it follows that 
1. - dt 2 d ID+ it? d2 a (u) 1m - u = ry E ~ . t--+O+ t (~~) 2 (u) (9 .26) 
Given that 
! = o - cii2" as t -+ 0 + 
( 
d
2
a ) 
a ( ~~ )2 ' (9 .27) 
it is readily seen that 
1t1 1 t · a ( u) du -+ K, E JR+ as t -+ 0 +. (9 .28) 
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Thus, by Lemma 9.2.1, a RM model satisfies conditions (1), (2) , and (3) of the 
d2 a____£ 
definition of an IS. We note that for RM models which satisfy ( ,t;2 -+ -oo as 
t-+ o+ that T(t) is well defined. 
It now remains to examine condition ( 4). We will henceforth use the conformal 
structure defined in the proof of Lemma 9.2.1. So 
D"D L(T) - -
- 0,,2 
d2 a____£ 
Sl. nee dt 2 -----'-- 00 as t -----'-- o+ ( ~ ~ ) 2 ------r - ------r ' 
[ d
2 
a a 2 + ( da) 2 a] a 
dt 2 dt 
d2 a a-dt2 1 ( !~ )2 + . 
L(T) -+ -oo as T -+ o+ . 
That is, ,\ = -oo. 
Lemma 9.2.3 
d 2 a 
(9.29) 
(9.30) 
(9.31) 
D 
Consider a Rl\lI space-time ( M , g) for vv hich limt-+o+ - ;~ /3 E JR+ . Then 
(M , g) admits an IS vvith A= l - /3 . 
d 2 a 
Proof. Vve have assumed that limt-+o+ - ;~ = f3 E JR+. Since /3 > 0 we can define 
A by A = l - /3 vvhere A < l. Thus 
d2 a 
lim td) = ,\ - 1 < 0 (9.32) 
t-+O+ .....Q 2 
dt 
d
2
a da ( ) ;; = ( ,\ - 1) [ 1 + o ( 1)] : as t --+ 0 + a, !: > 0 on ( 0, t 1] . ( 9. 3 3) 
Novv a -+ o+ as t-+ o+ ¢:? ln a-+ -oo as t -+ o+ , and L'H6pital 's rule can be used 
to obtain that 
In ( !: ) = ( ,\ - 1) In a [ 1 + o ( 1)] . 
Since ,\ - 1 < 0, ln ( !~) -+ +oo as t -+ o+ , and hence !~ -+ +oo as t -+ o+. 
\Ve recall that 
(9.34) 
(9.35) 
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Thus, as t -+ o+, 
d2 a 
1 di22 1 [l+o(l)] 
a ( ~~) ,\ - 1 
(9.36) 
!ti l 1 lt1 d
2
a 
. ( ) du = du2 2 [1 + o(l )] du 
t a u ,\ - l t ( ~~ ) (9.37) 
= 
1 (f 11 ~ 2 du) [1 + o(l)] 
,\ - 1 t (~~) 
(9.38) 
= 1 ~ ,\ ( !fi%~ti) - !fi%~t) ) [1 + o(l)] (9.39) 
1 1 
= 1 - ,\ ~ ( t ) [1 + o(l)] . 
dt 1 
(9.40) 
It follows that 
lim f t1 1 du = "" E IR_+ . 
t-+o+ t a(u) (9.41) 
Thus, by Lemma 9.2.1, the RM model satisfies conditions (1), (2), and (3) of 
d 2 a ______g_ 
the definition of an IS. We note that for RM models ·which satisfy limt-+o+ - U#tt;2 = 
/3 E IR_+ that T(t) is well defined. 
It now remains to examine condition ( 4). We will henceforth use the conformal 
structure defined in the proof of Lemma 9. 2 .1. So 
L(T) = D"D 
0,,2 
a [a 2 d2 a + ( da ) 2 a] 
dt2 dt (9.42) 
(9 .43) 
L(T)-+ ,\ as T-+ o+. (9.44) 
D 
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9.3 Fluid flow 
In this section we make a restriction on the fluid congruence of the matter source. 
In particular we assume that the unit timelike fluid congruence u is comoving - that 
is, it coincides with the timelike congruence defined by gt. Thus, for a RM model, 
the fluid flow is given by 
a 
u = F(x') at . (9.45) 
We now investigate, for a RM model which admits an IS, the regularity of the 
fluid congruence at the IS. 
Corollary 9.3.1 
If a RM model (M, g) with a comoving fluid congruence u satisfies the conditions 
of either Lemma 9.2.2 or Lemma 9.2.3, then the fluid flow is regular at an IS. 
Proof. By Lemma 9.2.2 and Lemma 9.2.3, (M, g) admits an IS, and we will use the 
associated conformal structure defined in the proof of Lemma 9.2.1. In order to show 
that the fluid flow u is regular at the IS, we need , by definition , to demonstrate 
that the conformally related unit timelike congruence *u in *M, defined by *u 
Du (T > 0) , is at least C3 on an open neighbourhood of T = 0 in *M. Now 
u - F~ (9.46) -
at 
F a (9.47) ----
a(t) aT 
F a (9.48) -D(T) aT 
So *u = F a°r , which is at least C3 on all *M. D 
The Coley-Tupper model [31] is known to admit an IS at which the fluid flow is 
not regular [5]. This model , however , is not a counterexample to the above corollary. 
The model does satisfy the conditions to be a RM model (Definition 9.2.1) and fulfils 
the requirements for Lemma 9.2.3 , and therefore admits an IS. The Coley-Tupper 
model does not , huwever , have a comoving fluid flow and hence does not also satisfy 
the requirements of Corollary 9.3.1 , which would ensure that the fluid flow is regular 
at the IS. 
With the introduction of the fluid flow , it is now possible to investigate the 
asymptotic behaviour as t ----+ o+ of the length scale l of the cosmological model. 
Lemma 9.3.1 
Consider a RM model with unit timelike comoving fluid congruence u for which 
d 2 a 
limt---+o+ - !~ = /3 E JR+. As t ----+ o+ the length scale l is given by l :::::; a. 
Proof. The length scale , l is defined by 3f = () , where () is the expansion scalar 
associated with the fluid flow, u. It is readily seen that for a RM model with 
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comoving fluid flovv, e is given by 
e - -1 da l Ffa' f 
- 3F a dt + 2 ,a,t , 
(9 .49) 
where fa1 (t, xf3) is the inverse 3-metric of ! a,- Thus 
(9.50) 
(9.51) 
Since fa, is at least C3 and f ,a,T is at least C2 on [O , 5], and limt-+o+ ~~ = +oo we 
obtain that 
z a l = a [l + o(l)] . (9.52) 
Now along a given flovv line xa are constant. Since ~ ---+ oo as t ---+ o+, L'Hopital 's 
rule can be invoked to obtain 
l ~ a 
along the given flow line. 
(9.53) 
D 
It is now clear that condit ions (i) and (ii) of the restrictions placed upon the met-
ric in Definition 9.2. 1 are simply an encoding of conditions (i) and (ii) of Conjecture 
9.0.1. 
Using all the above results we can novv create a characterising feature for the IS. 
Theorem 9.3.1 (Characterising feature) 
Consider a RM space-t ime (M, g) vvith comoving fluid flow. (M , g) admits an 
IS, vvith ,\ = 1 - /3, at vvhich the fluid flow is regular if and only if there exi~_ts a 
/3 E JR+ U { +oo} such that along every fl ovv-line limt-+o+ q = f3, where q - f; as 
t ---+ o+. 
Proof. Suppose that a R l\lI model admits an IS at which t he fluid flow is regular. 
In Section 9.1 it was shown that if (M , g) admits an IS then as T---+ o+, q-+ l - ,\ 
for ,\ i- -oo and q ---+ +oo for ,\ = -oo. It has been established (see Theorem 
5.1.1) that the possible range of,\ is -oo < ,\ < 1. Thus limt-+o+ q = f3 where 
,8 E JR+ U { +oo }. 
Thus vve only need shovv the converse. Assume tha·t limt-+o+ q = f3 E JR+ U { +oo}. 
It should be noted that the conditions of this theorem are in terms of a not ~~. 
These two quantities are related by a = a;bub = F~~. Similarly a = a;bub = F 2 ~:i. 
d2 a 
.. a-.) . . 
And thus ~~ = (!1t)2 • We have already shown 1n Lemmas 9.2.2 and 9.2.3 that 1f 
d2 a ·· 
limt-+o+ - ;~ = f3 E JR+ U {+co} then (M , g) admits an IS. Thus if q - f; can be 
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shown to be asymptotically equivalent to - ~~ = 
We will now show this asymptotic equivalence. 
2 
ad a ~ then the proof is complete. 
From Equation (9.51) we know that 
l _ a ( 1 1 fa, f ) l - a l + 6 !~ ,a,T . (9.54) 
Differentiation along the flow lines yields 
( i) 
2 
( {z ) ( ·) 2 ( .. ) l i2 - 1 : :~ - 1 ( 
1 1 a, ) 
1 + 6 j~ f f ,a,T (9.55) 
1 (a) 2 ( aa l fa' ! l (fa, f fa' ! )) + 6 a - a2 !~ ,a,T + (!~) 2 ,T ,a,T + ,a,TT . (9.56) 
We know that fa , is at least C3 ' f ,a,T is at least C2 ' and f ,a,TT is at least C1 on 
[O , 5]. For limt-+o+ q E JR+ we know that limt-+O+ !~ = +oo and thus we obtain 
For limt-+o+ q = +oo we obtain 
.. 
ll aa 
-. = --:----2 [1 + o(l)] z2 a 
.. 
aa 
lim -- = +oo . 
t-+O+ a2 
(9.57) 
(9.58) 
The only remaining issue is the regularity of the fluid flow. This is provided by 
Corollary 9.3.1 since we are also assuming that the fluid flow is comoving. D 
9.4 Discussion 
Theorem 9.3.1 provides us with a characterising feature for the IS for a wide 
range of space-times. The conditions required for Theorem 9.3.1 to hold are the 
same as those required in Conjecture 9.0.1. We have thus proved Conjecture 9.0.1 
for a RM model. We believe that the method of proof used for Theorem 9.3.1 will 
be generalisable to the full conjecture. 
It is interesting to consider what specific classes of models satisfy the RM criteria. 
From Theorem 3.2.1 we know that an irrotational perfect fluid with an acceleration 
potential , r, can be expressed in the form 
1 
ds2 = - r 2(xa) ( dx0)2 + z2 (xb) f a/3 (xc)dx°'dx13 , (9 .59) 
and the fluid flow vector is 
(9 .60) 
If the fluid flow is geodesic then the acceleration potential , r, can be chosen to be 
unity. If the speed of sound is nonzero , i.e. :: # 0, then the length scale , l, can be 
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chosen to be a function of only the time coordinate , x 0 . In order to rule out cases 
such as the Collins-Stewart solution t we must further assume that f er./3 (xc) is C3 . 
With these restrictions we meet the RM criteria, and thus these space-times admit 
an IS if and only if the limit of the deceleration parameter is strictly positive. 
It is also possible for imperfect fluids to satisfy the RM criteria. For example, 
the Mimosa-Crawford models [36], Carneiro-Marugan model [43], and the Coley-
Tupper model [31] satisfy the RM criteria. These models thus admit an IS since 
their deceleration parameters limit to the same positive value as the singularity is 
approached down any flow line. Of these three examples, only the first two have 
regular fluid flow at the IS. 
Current astronomical data based upon Type Ia supernovea leads to the con-
clusion [59, 60] that the expansion of the universe is in fact accelerating, i. e., the 
deceleration factor is negative. In light of the Conjecture 9.0.1 it would be reason-
able then to expect that our universe does not admit an IS. 
q > O 
:rt 
WEC , SEC ~ IS~ Limiting , -law 
i 
Point-like singularity 
Figure 9.1: Implications of a RM space-time admitt ing an IS 
Various implications of a space-t ime admitting an IS are collected together in 
Figure 9.1. It is interesting to consider whether or not any of the other properties 
mentioned in Figure 9 .1 are characterising features of the IS . The Weak Energy 
Condition (WEC) , or Strong Energy Condition (SEC), cannot be a characterising 
feature of the IS as the Mars models with /3 > 0 satisfy the WEC and SEC but do 
not admit an IS. The point-like singularity cannot be a characterising feature of the 
IS as the FRW models with negative deceleration have a point-like singularity but 
do not admit an IS. A. limiting , -law cannot be , in general, a characterising feature 
tThanks must go to one of the examiners of this thesis for raising this solution to the author's 
attention. Details of this solution may be found in [61] 
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of space-times which admit an IS as the Mars models with /3 > 0 have a limiting 
,-law(,= 134 ), but do not admit an IS. 
From Figure 9.1 we can read off the following proposition. 
Proposition 9.4.1 
Consider a RM space-time (M, g) with comoving perfect fluid source for which 
d 2 a 
1. adi,2 - j3 m+ Th Imt---+o+ - ( ~~ )2 - E 11~ . en 
1. (M, g) admits an IS at which the fluid flow is both regular and orthogonal, 
2. there exists a limiting ,-law equation of state, 
3. the initial singularity is a point-like singularity, 
4. the Weak Energy Condition and Strong Energy Condition hold on a neigh- · 
bourhood of the singularity. 
It should be noted, as mentioned in Section 9.1, that the limiting value of the 
deceleration parameter is not arbitrary. The precise value is fixed by the limiting 
equation of state. 
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Chapter 10 
Homogeneity 
One would expect the initial singularity in the FRW models to be in some 
sense isotropic and homogeneous and it is this essence that the definition of an 
Isotropic Singularity (IS) (Definition 2.1.1) tries to capture. However, from the · 
definition of an IS it is not immediately obvious that the IS is spatially isotropic 
and homogeneous. In their seminal paper on the IS, Goode and Wainwright [5] 
discuss the sense in which the IS can be considered to be isotropic. In this chapter 
we examine the sense in which the IS could be considered to be asymptotically 
spatially homogeneous (ASPH) and the implications of this on the isotropy of the 
IS. This chapter will be published in [62]. 
Given the definition of ASPH (Definition 10.1.2), various questions are natu-
rally raised. Firstly we would hope that there is some sort of consistency with the 
definition of spatial homogeneity. 
Conjecture 10.0.1 (Consistency of definition) 
If (M, g) is a spatially homogeneous solution of the EFE which admits an IS, then 
(M, g) is asymptotically spatially homogeneous. 
Conjecture 10.0.1 tells us about spatially homogeneous space-times. It would be 
more interesting to know of inhomogeneous space-times that are ASPH. In general 
we would not expect an inhomogeneous space-time which admits an IS to be ASPH, 
however we conjecture that if the space-time was also geodesic then this may be the 
case. 
Conjecture 10.0.2 
If ( M , g) is a spatially inhomogeneous solution of the EFE with a geodesic, barotropic 
perfect fluid source which admits an IS then (M , g) is asymptotically spatially ho-
mogeneous. 
If Conjecture 10.0.2 is false then it would be reasonable to conjecture that the 
converse of Conjecture 10.0.1 may be true. 
Conjecture 10.0.3 
If (M, g) is an asymptotically spatially homogeneous solution of the EFE then 
(M, g) is spatially homogeneous. 
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In order to try and prove or disprove these conjectures we proceed as follow. The 
question of whether or not known examples of space-times ·with an IS are ASPH and 
is the IS in general ASPH is answered in Section 10.2. We show that the definition 
of ASPH is consistent in with the definition of spatial homogeneity in Section 10.3. 
An alternative definition of ASPH is considered in Section 10.4. We discuss the 
results of this chapter and raise some open questions is Section 10.5. 
10.1 Definitions 
In order to define precisely what it means for an IS to be ASPH we must first 
define what it means for a space-time to be spatially homogeneous. The following 
definition can be found in [ 63]. 
Definition 10 .1.1 ( Spatially Homogeneous) A space-time ( M , g) is said to be 
spatially homogeneous if there exists a one-parameter family of spacelike hypersur-
faces ~t foliating the space-time such that for each t and for any points p, q E ~t 
there exists an isometry of the space-time metric, gab , ·which takes p into q. 
When a space-time (M , g) admits an IS this means that there exists a confor-
m ally related space-time (*M , *g) that satisfies certain criteria. One of these criteria 
is that M = *M on T > 0. If we also know that (M , g) is spatially homogeneous , 
can we then say anything about spatial homogeneity, or absence thereof, in the 
space-time (*M , *g)? The following lemma examines this question. 
Lemma 10.1.1 
(M , g) and (M , *g) are space-times which are conformally related , i.e. , g = D2*g on 
M , vvhere D > 0 on M. If (M , *g) is spatially homogeneous and D = D(t) , where 
t is the parameter for the one-parameter family of spacelike hypersurfaces ~t (see 
Definition 10.1.1) , then (M , g) is spatially homogeneous. 
Proof. Consider the spacelike hypersurface ~t and let p , q E ~t· There exists a map 
<I> : ~t-+ ~ t, wit h <I> (p) = q such that <I> is an isometry of *g . 
That is, 
No,v D(t) is constant on ~ t , so by linearity, 
*g 
n -2 ~ l g. 
Thus t he map <I> : ~t -+ ~t , wit h <I> (p) = q is an isometry of g. 
of M by t he one-parameter family of spacelike hypersurfaces ~ t 
space-t ime (M g) is spatially homogeneous. 
(10 .1) 
(10.2) 
(10.3) 
(10.4) 
With the foliation 
it follows that the 
D 
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Note: Lemma 10.1.1 holds if we swap the space-times (M, g) and (M, *g) 
Given the above definition of spatial homogeneity, the natural extension to say 
that an IS is ASPH would be : 
Definition 10.1.2 (Asymptotically Spatially Homogeneous) A space-time 
(M, g) which admits an IS is said to be asymptotically spatially homogeneous if for 
the spacelike hypersurface ~o = {T = 0} and any points p, q E ~o there exists an 
isometry on the submanifold ~o of the induced space-time metric , *ha/3, which takes 
p into q. 
10.2 Examples 
In order to show that a given space-time either is or is not asymptotically spa-
tially homogeneous one must find, or disprove the existence of, isometries on the · 
spacelike hypersurface ~ 0 . This is in general a hard problem. Using the following 
lemma [64] we can reformulate the problem of nonexistence of isometries such that 
it is much easier to demonstrate. 
Lemma 10.2.1 
If q> is an isometry of (M, g) onto (M', g') then the covariant derivatives V and V' 
satisfy 
q)* ~y y = v~*xq>* y 
and the curvature operator R(Y, Z) W satisfies 
(10.5) 
(10.6) 
Proof. Being a diffeomorphism between M and M' , q> defines a one to one corre-
spondence between the set of vector fields on M and the set of vector fields on M'. 
From the metric connection f' on M', we obtain a linear connection r on M by 
(10.7) 
where X and Y are vector fields on M. 
We can see that r is compatible with the metric g and has zero torsion as follows. 
(10.8) 
Since q> is an isometry, g' = q>*g. Thus 
(10.9) 
And since V' is compatible with g', 
~yg = 0. (10.10) 
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The torsion T(X, Y) is given by 
T(X, Y) ~yY - Vy _,,y - [X, Y] 
( cI>- 1 t (V~*xcl>* Y) - ( cl>- 1 t (V~* ycl>*X) - [X, Y]. 
(10.11) 
(10 .12) 
Since the connection f' has no torsion, i.e . for vector fields W and Z on M' 
then 
T(X, Y) (cI>- 1t[cI>*X, cI>*Y] - [X, Y] 
[X, Y] - [_,,Y, Y] 
0. 
(10.13) 
(10.14) 
(10.15) 
(10.16) 
Thus r is both torsion free and compatible with the metric g. Since such a connec-
tion is unique, r is the metric connection for (M , g). Thus the covariant derivatives 
are related as given in equation (10. 7). 
The curvature operator is given by 
Thus 
R(Y, Z)W = (VyVz - VzVy - Y[Y,zJ) W . 
R(Y, Z)WIP cl>* (R(Y, Z) W) I <I> (p) 
( cl>* Vy cl>* Vz - cl>* Vz<l>/Vy - cl>* Y[Y,zJ ) cl>* Wl<I> (p) 
(v~*yV~.z - v~*z V~*y - v[<I>*Y,<I>.z) ) <I>*Wl<I> (p) 
R(<I>*Y, cI>*Z)cI>* Wl<I> (p) 
(10.17) 
(10.18) 
(10 .19) 
(10.20) 
(10 .21) 
D 
ote t hat since the curvature operator is preserved by an isometry then the 
Riemann tensor , defined by R(D , C, A , B ) = g(D , R(A , B )C) , is also preserved. It 
is t hus certainly t rue t hat t he Ricci scalar is constant on a surface of homogeneity. 
One can t hen shovv t hat a space-time that admits an IS is not _ASPH by showing 
t hat t he Ricci scalar , restrict ed to the T = 0 hypersurface, is not constant . 
The examples discussed in t he following subsections have been presented in 
detail , and explicit ly shown to admit an IS , in Chapter 7. 
10.2. Examples 
10.2.1 Homogeneous space-times that admit an IS 
FRW 
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The FRW space-times are spatially homogeneous, spatially isotropic, confor-
mally flat, perfect fluid cosmological models. The fluid flow is irrotational, shear-
free, and geodesic. These models are discussed in detail in Chapter 6. 
The Ricci scalar of the induced metric on the T = 0 hypersurface in the un-
physical space-time, *3R, for these space-times is constant . Thus the IS may also 
be ASPH. In order to show that a space-time is ASPH vve must find the isometries 
on the T = 0 hypersurface. Equivalently we could find the Killing vectors on the 
T = 0 hypersurface. It can be easily demonstrated that the Killing vectors on the 
T = 0 hypersurface are given by 
1~ 
3~ 
6~ 
a 
8¢' 
a 
f (x) ax , 
a a 
cos(¢) ae - cot( e) sin(¢) 8¢ , 
a a 
- sin(¢) ae - cot(()) cos(¢) 8¢ , 
f(x) cos(O) sinh (/ f (~) dx) :X 
+sin(O)cosh (/ f(~/x) :e, 
f (x) cos(O) cosh (/ !(~) dx) :X 
+sin(O)sinh(/ ftx/x) :e. 
Thus the FRW space-times which admit an IS are ASPH. 
Kantowski-Sachs 
(10.22) . 
(10.23) 
(10.24) 
(10.25) 
(10.26) 
(10.27) 
The Kantowski-Sachs models [37, 39] are irrotational, geodesic , perfect fluid 
models with a radiation equation of state p = ! µ. These models are spatially 
homogeneous but not spatially isotropic. These models are discussed in detail in 
Chapter 7. 
The Ricci scalar of the induced metric on the T = 0 hypersurface in the un-
physical space-time, *3R, for these space-times is constant . Thus these space-times 
may also be ASPH. In order to show that a space-time is ASPH we must find the 
isometries on the T = 0 hypersurface. Equivalently we could find the Killing vectors 
on the T = 0 hypersurface. It can be easily demonstrated that the Killing vectors 
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on the T = 0 hypersurface are given by 
1~ 
a (10 .28) 
ax ' 
2~ 
a (10.29) 
az ' 
3~ 
a . a 
cos(z) ay - cot(y) sin(z) az , (10.30) 
t a a sin(z) By + cot(y) cos(z) az . (10.31) 
Thus the Kantowski-Sachs space-times which admit an IS are ASPH. 
Mimosa-Crawford 
Mimoso and Crawford [36] have found a class of orthogonal , spatially homoge-
neous, anisotropic, irrotational , geodesic, shear-free models with spherical symme-
try. The matter source for these models is an imperfect fluid with anisotropic stress 
and no heat flux. These models are discussed in detail in Chapter 7. 
The Ricci scalar of the induced metric on the T = 0 hypersurface in the un-
physical space-time, *3R, for these space-times is constant . Thus the IS may also 
be ASPH. In order to show that a space-time is ASPH we must find the isometries 
on the T = 0 hypersurface. Equivalently we could find the Killing vectors on the 
T = 0 hypersurface. It can be easily demonstrated that the Killing vectors on the 
T = 0 hypersurface are given by 
1~ 
a (10 .32) 
ar ' 
2~ 
a (10.33) 
acb ' 
I 
3~ 
a . f e a (10.34) cos(¢)- - sin(¢)-' -
ae f a¢ ' 
4~ 
. a J,e a 
sin (¢) ae + cos(¢)7 8¢ . (10.35) 
Thus the Mimosa-Crawford space-t imes which admit an IS are ASPH. 
Carneiro-Marugan 
The Carneiro-Nlarugan model [43] is spatially homogeneous but not spatially 
isotropic , and is of Bianchi type III. The matter source for this model can be in-
terpreted as a superposition of an anisotropic scalar fi eld with radiation and dust. 
Each of the components of the two component perfect fluid has the same velocity 
vector u. The fl o-w is irrotational, shear-free and geodesic. This model is discussed 
in detail in Chapter 7. 
The Ricci scalar of the induced metric on the T = 0 hypersurface in the un-
physical space-time , *3R for these space-t imes is constant . Thus the IS may also 
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be ASPH. In order to show that a space-time is ASPH we must find the isometries 
on the T = 0 hypersurface. Equivalently we could find the Killing vectors on the 
T = 0 hypersurface. It can be easily demonstrated that the Killing vectors on the 
T = 0 hypersurface are given by 
1~ 
a a 
--y-
ax ay' 
2~ 
a 
ay ' 
3~ 
a 
az 
Thus the Carneiro-Marugan space-time, which admits an IS, is ASPH. 
10.2.2 Inhomogeneous space-times that admit an IS 
A subclass of Szekeres models 
(10.36) 
(10.37) 
(10.38) 
The Szekeres models [40] are irrotational, geodesic, pressure-free dust solutions 
of the EFE. These models have been shown to be inhomogeneous [42]. In this 
section we will examine the subclass denoted by PI in the notation of Bonnor and 
Tomimura [41]. This subclass of Szekeres models has been discussed in detail in 
Chapter 7. 
Goode, Wainwright, and Coley have shown that if the further restriction to those 
models where the decaying mode is absent (i.e. , when k_ = 0) is made then the 
models admit an IS [7]. 
The Ricci scalar of the induced metric on the T = 0 hypersurface in the unphys-
ical space-time, *3R , for these space-times is given by 
*3R = _ 40 k+(z) 
9 A(x , y,z) (10.39) 
Thus the IS admitted by these models is not ASPH. 
Mars 
Mars [34] has found three types of solution corresponding to a perfect fluid with 
an Abelian two-dimensional group of isometries. These isometries act orthogonally 
transitively on spacelike 2-surfaces such that both Killing vectors are integrable. 
These models have been discussed in detail in Chapter 7. 
The Ricci scalar of the induced metric on the T = 0 hypersurface in the unphys-
ical space-time, *3R, for these space-times is given by 
(10.40) 
where a and c are constants. Thus the IS admitted by these models is not ASPH. 
From these last two examples we can see that the IS is not in general ASPH. 
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10.3 Consistency of definition 
It would be natural to expect that a space-time which is spatially homogeneous 
would automatically satisfy any reasonable definition of ASPH. The examples given 
in the previous section seem to support this conjecture. We prove this conjecture 
for the case where the two surfaces coincide in the following theorem. 
Theorem 10.3.1 (Consistency of definition) 
If (M, g) is a spatially homogeneous space-time which admits an IS , and t = t(T) 
·where t is the parameter labelling the spatially homogeneous hypersurfaces and T 
is the cosmic time function , then (M , g) is asymptotically spatially homogeneous. 
Proof. Let ~o denote the spacelike hypersurface T = 0 in *M which is referred to 
as the IS. 
Since (M , g) is a spatially homogeneous space-time, there exists a one-parameter 
family of spacelike hypersurfaces ~t foliating the space-time such that for each t and 
for any points p , q E ~t there exists an isometry of the space-time metric , gab which 
takes p into q. 
Due to the relationship, t = t(T) on M , the spacelike hypersurfaces ~t may be 
relabelled ~T (where ~T are the spacelike hypersurfaces given by T = constant). 
With the foliation of M by the one-parameter family of spacelike hypersurfaces 
~T, it follows from Lemma 10.1.1 that (M , *g) is spatially homogeneous. Definition 
10.1.2 requires that vve find isometries of the metric on ~o. Equivalently we will 
seek the Killing vectors on ~o. 
Choose a homogeneous hypersurface ~T'. Consider the unit timelike vector 
field , and the unique geodesic congruence {A} generated by this vector field , which 
is orthogonal to the ~T' . We choose ~T' to lie in a neighbourhood , U of the IS on 
v\rhich { ,;\} are nonintersecting. Using the cosmic time function , T , we will employ 
comoving normal coordinates (T, xa) based on the hyp ersurface ~T' in *M. 
Since ~T' is spatially homogeneous there exists at least three linearly indepen-
dent Killing vector fi elds which are tangent to the hypersurface. At any point 
p E ~T' vie label the Killing vectors ~. Intersecting p v\rill be a unique geodesic, Ap 
of the congruence { ,;\}. Along Ap we know that, for T > 0, ~ satisfi es the Killing 
equation . That is 
\b*; a + 'Y;,a *;b = 0 · (10.41) 
In the comoving normal coordinates (T , xa), based on the geodesic congruence {A} , 
it is easily seen that ~o = 0 and that *r 0 ao = 0 = *r a00 . Thus along Ap the Killing 
equation reduces to 
2*r' ao\, 
2*f' a {J ~ , . 
(10.42) 
(10.43) 
Note that the a = 0, b = 0 equation is t rivially satisfied for all T. Since we are 
using comoving normal coordinates , equation (10.42) can be interpreted as a system 
of ordinary differential equations along each member of the congruence, for each 
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"'1. Using a standard existence/ uniqueness theorem for homogeneous systems of 
ordinary differential equations, with KtlP as the initial condition, equation (10.42) 
can be shown to have a unique C 3 solution for ~- These ~ are the Killing vector 
fields for T > 0 and these solutions extend to T < 0. We will now show that ~ 
satisfy the Killing equation on I:0 . 
Let us examine the first Killing vector, 1t. For our point p E I:r, we choose the 
local spatial coordinates x 0 such that the metric components are independent of x 1 
and 1t = ;x1 . We use these coordinates down the geodesic >..P to, and including, I:0 . 
In this coordinate system we have 
The spatial partial derivatives are given by 
1
to ,/3 = 0. 
(10.44) 
(10.45) . 
Since 1t is a solution of equation (10.42) all that remains to be shown is that 1t 
is a solution of equation (10.43) on I:0 . We know that 1t is a solution of equation 
(10.43) on T > 0. Since *f is C2 , and 1t is C3 along >..p, we know that the limit of 
both sides of equation (10.43) exist as T -+ o+. Thus by continuity, 1t satisfies the 
Killing equation on I:0 . 
Similarly we can use coordinate systems adapted to ~ and 3t to show that these 
too satisfy the Killing equation on I:0 . 
We have shown that ~ are Killing vectors on I:0 w.r.t. *g. To conform to defini-
tion 10.1.2 we need to show that~ are Killing vectors w.r.t. the induced metric *h0 13. 
Since Kto = 0, *g00 = 0, and *g0 13 = *h0 13, it is easily seen that ~ satisfy equation 
(10.43) adapted to the induced metric. D 
10.4 Alternative definition of ASPH 
All the examples in Section 10.2 that are ASPH were spatially homogeneous. 
An alternative definition of what it means to be ASPH may be in order so that 
inhomogeneous models may also be ASPH. 
Definition 10.4.1 (Alternative definition of ASPH) If a space-time (M, g) 
is a C3 solution of the EFE with imperfect fluid source, and the unit timelike fluid 
congruence u is both regular and orthogonal at an IS , then the IS can be said 
to be (alternatively) asymptotically spatially homogeneous if its energy density is 
asymptotically equivalent to that of a Friedmann-Robertson-Walker model with the 
same limiting equation of state, i.e. , if 
as T-+ o+ (10.46) 
where µM, µFRW are the energy density of the fluid , as measured by comoving 
observers , in (M, g) and in the FRW models , respectively. The symbol~ has been 
defined in Section 1. 2. 
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The FRW models trivially satisfy the definition to be (alternatively) ASPH. 
In Table 10.1 we present the energy density in terms of the length scale for the 
examples presented in Section 10.2. 
Model Energy density Equation of state 
Kantowski-Sachs 3 z-4 µ= 4 p = (! - l)µ 
Szekeres µ = tAz-3 p = 0 i.e. , = 1 
J\!Iars µ = ia2z-6 p =µi.e. , = 2 
Mimosa-Crawford µ ~ cl-3,[l+o(l )] p~(, -l)µ 
Carneiro-Marugan µ ~ cz-2[1+0 ( 1)] p ~ (~ - l)µ 
FRW µ = cl-3, p = (1 - l)µ 
FRW µ = cl-3,[1+0(1)J P ~ ( r - l) µ 
Table 10.1: Energy density and equation of state for cosmological models 
which admit an IS 
It is easily seen that the energy density for the Kanto-wski-Sachs , Szekeres , and 
Mars models are asymptotically equivalent to that of the FRW models with a , -law 
equation of state, with , taking the appropriate values. Thus these models are 
(alternatively) ASPH. Hovvever the energy density of the Mimosa-Crawford models 
and the Carneiro-lVIarugan model cannot be shown to be asymptotically equivalent 
to that of the equivalent FRW models. This failure of the energy density to be 
asymptotically equivalent to the FRW models has been generalised in the following 
le1nma. 
Lemma 10.4.1 
_I\. fluid filled space-t ime which admits an IS at vvhich the unit timelike congruence, 
u , is regular is not in general (alternatively) ASPH. 
Proof. Let us examine t he energy density for an arbitrary fluid fill ed space-time 
that ad1n its an IS. This is given by (see Section 5.4) . 
µ(T) ~ ~ 2 ( ~) 2 (*u"T,a) 2 (10.47) 
·where D(T) is the conformal factor given b the IS vvith cosmic time function T. 
Since \i is regular on some neighbourhood , N of the T = 0 h persurface, then 
r; = 3(*uaT,a) 2 is a regular function of T on N. 
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For an IS, with A -::/- 0, 
(10.48) 
Note that A and , are related by A = 2 - !, ( see Section 5 .4). Thus 
µ1s ~ ~ Cl') 2 (10.49) ~ T/0,2 D 
~ r;D2>.-4+0(1) (10.50) ~ 
~ r;n-3,+o(l) . (10.51) ~ 
From the proof of Theorem 5.5.1 we know that the conformal factor is related to 
the length scale by D = z1+0 ( 1), thus 
µ ~ z-3,+o( l) IS~ (10.52) 
Since all FRW models that admit an IS have a limiting , -law equation of state 
[33], then in general µp RW = cz-3,+o(l). Thus in general µ1 s t µp RW. 
D 
10.5 Discussion 
We have presented two definitions of what it means for a space-time to be ASPH. 
Although the alternative definition may allow a wider class of space-times which 
admit an IS to be ASPH, it is only presented in order to shed light on the issue of 
homogeneity and the IS. Henceforth the term ASPH will only refer to the stricter 
definition , i.e. , Definition 10.1.2 , as this is the more natural of the two definitions. 
The examples given in Section 10.2 are summarised in Table 10.2. 
Models W ab O'ab ua Perfect Fluid Spatially Homogeneous ASPH 
FRW 0 0 0 yes yes yes 
Kantowski-Sachs 0 nz 0 yes yes yes 
Mimoso-Crawford 0 0 0 no yes yes 
Carneiro-Marugan 0 0 0 no yes yes 
Szekeres (subclass) 0 nz 0 yes no no 
Mars 95 0 nz nz yes no no 
Table 10.2: Cosmological models which admit an IS: nz stands for non-zero. 
When a space-time (M, g) admits an IS this means that there exists a confor-
mally related space-time (*M, *g) that satisfies certain criteria. (*M, *g) is called 
the unphysical space-time. From Table 10.2 we know that there exist space-times 
which admit an IS that are not ASPH. That is we know that the hypersurface 
~o {T = O} in the unphysical space-time is not homogeneous. Given that ~o is 
not homogeneous it cannot be isotropic. This spatial anisotropy can also be seen 
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from the fact that on ~o the electric part of the Weyl tensor is in general non-zero 
[5] , and hence preferred spatial directions can be found. 
Goode and Wainwright [5] discuss the manner in which the IS can be considered 
to be isotropic. The asymptotic isotropy provided by the IS is that the shear, 
vorticity, and acceleration for a regular timelike congruence are dominated by the 
expansion as the singularity is approached. Also, the anisotropic parts of the Ricci 
tensor are dominated by the expansion and the Weyl tensor is dominated by the 
Ricci tensor as the singularity is approached. In this same sense the IS can also be 
considered to be homogeneous. 
Using the examples we can novv disprove Conjecture 10.0.2. From Table 10.2 
we can see that the Szekeres models are inhomogeneous barotropic perfect fluid 
space-time with geodesic fluid flovv which admit an IS. Thus the Szekeres models 
are a counter-example to Conjecture 10.0.2. 
From Table 10.2 we can see that the space-times which are spatially homogeneous 
are also _ASPH and those not spatially homogeneous are not ASPH. In Section 10.3 
we have shovvn that spatial homogeneity (with one extra assumption) implying 
ASPH is not just confined to these specific examples but is a more general feature 
of cosmologies vvhich admit an IS. However , a full proof for Conjecture 10.0.1 is still 
outstanding. 
\i\ e have no examples ho-\vever of a spatially inhomogeneous space-time that 
admits an IS vvhich is also ASPH. Thus vve have neither proved nor disproved 
Conj ecture 10.0.3. The proof of Conjecture 10.0.3 will rely on solving an initial 
value problem. 
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Conclusion 
In this thesis, many of the consequences of assuming that a cosmological model 
admits an IS have been discovered. The major results of this thesis are summarised 
in this section. 
As in any field, there is a certain amount of "folk lore" in general relativity. In 
particular, with regard to initial singularities in cosmological models , it has always 
been assumed that the IS is a point-like singularity and that vacuum space-times 
were of no concern in matters regarding the IS, in that they could not possess an 
IS. It was also assumed that all FRW models admitted an IS. In this thesis vve have 
explicitly proven the first two of these fundamental results. We have also proven 
that, contrary to the expected behaviour, not all FRW models admit an IS. 
We have provided a detailed proof of the result , formerly stated by Goode and 
Wainwright, that there is a freedom in the choice of conformal factor associated 
with a space-time which admits an IS. This freedom was exploited to prove that the 
expansion scalar associated with an unphysical fluid flow can always be set to zero 
at a given point in *M by a suitable choice of the conformal factor. It was shown 
that the Hubble parameter becomes infinite at an IS and the asymptotic behaviour 
of the deceleration parameter was elucidated. 
In many of the results about cosmological models which admit an IS it is re-
quired that the fluid flow be orthogonal to the IS. The question of which conditions 
lead to orthogonality has been explored in Section 5.3. We have shown that the 
assumptions that the fluid flow is a geodesic fluid flow and the space-time admits 
an IS , leads to orthogonality. We have also explicitly proved a proposition, due to 
Goode and Wainwright, that a space-time which admits an IS with an imperfect 
fluid source, with either vanishing heat fluxes or vanishing anisotropic stress, lead 
to orthogonality. 
All known examples of space-times which admit an IS , and one new example, 
have been examined, in varying detail. The new example is the Carneiro-Marugan 
model and is interesting as the matter source is not a perfect fluid. The matter 
source for the Carneiro-Marugan model is a superposition of an anisotropic scalar 
field with radiation and dust. The physical characteristics of the example space-
times are quite varied, vvhich has proven useful as a source of counterexamples. 
A long standing problem with regard to the IS has been the existence or not of a 
characterising feature. A variety of different properties were examined to see if they 
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could be a characterising feature. It was shown that the energy conditions, a point-
like initial singularity, a limiting , -lavv , and any measure of the Weyl tensor cannot 
be characterising features of the IS. We have found the solution to this problem for 
a special class of fluid filled space-times by showing that this class admits an IS if 
and only if the deceleration parameter approaches a positive constant as t -+ o+. 
We have examined the question of whether or not the IS can be considered to be 
homogeneous. In order to follovv this line of inquiry vve have defined what it means 
for a space-time to be asymptotically spatially homogeneous. It vvas shown that the 
definition of asymptotic spatial homogeneity is consistent with the usual definition of 
spatial homogeneity. That is , we have shown that if a space-time which admits an IS 
is spatially homogeneous then the space-time is also asymptotically spatially homo-
geneous. We have also shown that there exist inhomogeneous , geodesic, barotropic 
perfect fluid space-times which admit an IS but are not asymptotically spatially 
homogeneous. 
In addition to the above results , vve have proven that the following results hold 
when the matter source for the cosmological model is a perfect fluid. We have shown 
that near the initial singularity, the vveak and strong energy conditions (WEC and 
SEC) are automatically satisfied by perfect fluid space-times which admit an IS , 
and that the dominant energy condition (DEC) is also satisfied given a reasonable 
restriction on the relationship betvveen the pressure and the energy density. It has 
also been proven that if a barotropic perfect fluid space-time which admits an IS 
(vvith -1 < >. < 1) at ·which the shear-free unit timelike fluid congruence is regular 
then the fluid flovv is necessarily geodesic. 
Rather remarkable results about perfect fluid models, without the assumption 
that the space-times admit an IS , have also come to light in this thesis. We have 
proven that for a restricted class of space-times vvith comoving perfect fluid flovv, 
where the deceleration parameter has a positive constant limit as the initial singu-
larity is approached, that the following hold: the space-time admits an IS at which 
the fluid flo,v is both regular and orthogonal , there exists a limiting , -law equation 
of state the initial singularit · is a point-like singularity, and the WEC and SEC 
hold on a neighbourhood of the initial singularity. 
11.1 Open questions 
There are questions regarding the IS ·which have been raised but have not been 
ans"·ered in this thesis. In this section ,ve \, ill detail these questions. 
The definition of an IS calls for the existence of an unphysical space-time. This 
unphysical space-time is not unique and this raises he question "If the unit time-
like fluid congruence i regular in a given unphvsical pace-time, is it regular in all 
unphysical space-t ime . 
,Ye haYe a sumed in man places throughout the thesis that the {T = constant} 
hypersurface can be chosen to be orthogonal to the unphysical fluid flow . This 
ha never been sho" n in general. In Section 5.3 it is sho,vn that if the physical fluid 
£lo"· is geode ic then the unph ·sical fluid flo" is orthogonal to the {T = constant} 
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hypersurfaces. 
Goode [18] and Scott [14] have shown, for perfect fluid space-times which admit 
an IS , that the fluid flow is restricted to be irrotational. It has always been assumed, 
and still is an open question, that this result will generalise to imperfect fluids. 
The FRW Conjecture (FRWC) has still not been shown to be true in full gen-
erality. The current state of the FRWC is as follows. With the extra assumption of 
shear-free fluid flow , but without the Weyl Curvature Hypothesis , we have shown 
the FRWC (See Chapter 8). With the extra assumption of geodicity, Goode [22] 
has reduced the FRWC to an initial value problem. Anguige and Tod have proven 
a version of the FRWC with the extra assumptions of a specific conformal factor 
and that there exists an exact , -law equation of state. 
In Section 5.7 it was proven that the WEC, SEC, and for 1 < 2, the DEC, 
automatically hold for a perfect fluid space-time vvhich admits an IS at which the 
fluid flow is regular. We believe that this result should generalise to imperfect fluids. 
In this thesis we have shown that the definition of asymptotic spatial homogene-
ity is consistent vvith the usual definition of spatial homogeneity. It is not known if 
the converse is true, i.e. , it is not knovvn if an asymptotically spatially homogeneous 
space-time which admits an IS must be spatially homogeneous. 
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Appendix A 
Relativistic Cosmology 
The work contained in this appendix is a summary of the relativistic cosmology 
that is prerequisite knowledge for this thesis. It is derived from [5, 9, 13, 14, 56, 65, 
66]. 
A.1 Einstein field equations and perfect fluids 
The Einstein field equations (EFE) are 
(A.l) 
which can also be expressed as 
Rab= Tab - !Tgab , (A.2) 
where Tab is the stress-energy-momentum tensor and Rab is the Ricci tensor. The 
Ricci tensor is defined by Rab = Re acb, where Rabcd is the Riemann tensor. See 
Section A.2 for a definition of the Riemann tensor. 
The standard decomposition [5 , 14] of the Einstein tensor Gab relative to a vector 
field ua is 
(A.3) 
where 
(A.4) 
and 
A= Gcducud, B = }hcdGcd, I:a = -hacR cdud, I:ab = hacRcdhdb - }habRcdhcd. 
(A.5) 
The standard decomposition [65, 56] of the energy-momentum tensor Tab relative 
to a vector field ua is 
(A.6) 
where qaua = 0, Kaa = 0, Kabub = 0, Kab = K(ab)· If the vector field ua represents the 
velocity of an observer , then the quantities in the decomposition can be interpreted 
as follows: µ is the total energy density, p is the isotropic pressure , qa is the energy 
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flux relative to ua and represents processes such as diffusion and heat conduction , 
and 11 ab is the anisotropic stresses which are due to processes such as viscosity. 
The EFE can then be expressed as 
A = µ , B = P, I: a = q a, I: ab = 11 ab · (A .. 7) 
The energy-momentum tensor of a perf ect flu id ,vith energy density µ and 
isotropic pressure p is characterised by no energy flux or anisotropic stresses , i.e., 
(A.8) 
Thus it is easily seen that the_ Einstein field equations for a perfect fluid can be 
simply expressed as 
A = µ , B = P, I: a = 0, I: ab = 0 . (A.9) 
. A.lt hough t he conservation equations , y ab;b = 0, contain no extra information 
t han can be obtained from the EFE, the form of the conservation equations some-
times expresses t his information in a more useful ·way. This is true particularly 
,, hen t he conser, ation equations are split ·with respect to the vector fi eld ua, 
(A. 10) 
(A.11) 
,vhere ua, e, O"ab, and Wab are defined in Section _A.3. vVhen applied to a perfect 
fluid t he conser, a ion equations take the form 
(µ + p )ua + P ,bhab 
µ+(µ+p)G 
(A .. 12) 
(A.13) 
Perfect fluids are often assumed to be barotropic, i. e., the perfect fluid has an 
equation of state p = p(µ). T" o simple equations of state ,vhich are common! 
used , are the 1 -law equation of tate , p = ( 1 - l ) µ , \ here , is a constant , and the 
limiting -law equation of state, p = ( 1 - l ) µ[1 +o( l )], where , is a constant . If a 
perfect fluid has a -la"' equation of state it can be called a polytropic perfect fluid. 
Three types of perfect fluid models "hich have a , -la" equation of state have been 
found to be useful in modelling the real uniYer e. These types are: (i) , = 1 the 
pre sure-free perfect fluid , al o called dus( (ii) , = !, a highly relativistic gas or 
i otropic radiation: and (iii) = 2 the stiff fluid "here he speed of sound is equal 
to the peed of ligh . 
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A.2 Riemann tensor, Weyl tensor, and the Ricci 
identity 
The Riemann tensor, Rabcd , represents the non-commutativity of the second 
covariant derivatives , i.e. , it is defined by the Ricci identity 
./Ya;dc - Xa;cd = RabcdXb where xa is any vector field. (A.14) 
The Riemann tensor can be decomposed into its trace-free part, Cabcd , the Weyl 
tensor, and trace parts by 
(A.15) 
where 
(A.16) 
Instead of examining the Weyl tensor as a whole it is convenient to split the 
tensor into its "electric", Eab, and "magnetic", H ab, components. These are defined 
by 
C r s arbsU U , 
1 rsc C d 
2 TJac rsbdu u , 
(A.17) 
(A.18) 
and hence Ea a = 0, Eab = E(ab ), EabUa = 0, Ha a = 0, H ab = H (ab), HabUa = 0. 
These equations can be inverted to give the Weyl tensor in terms of the electric and 
magnetic parts, t 
A.3 Kinematic quantities 
Suppose that a space-time has a unit timelike congruence ua (uaua = -1). The 
covariant derivative of ua can be decomposed+ into 
(A.20) 
where 
hab gab+ UaUb, (A.21) 
'UaUa 0, (A .22) 
Wab W[ab], WabUb = 0, (-A.23) 
D'ab D'(ab), D'abUb = 0, aa a= 0. (A.24) 
tNote that [65, pl30] has a sign error. 
+See [56, pp8-12] for motivation for this decomposition. 
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If the vector field represents the four-velocity of a fluid source, then we can make 
the following interpretations: hab is the projection tensor , i.e. , it defines "space" for 
an observer comoving with the fluid, () is the expansion of the fluid, a ab is its shear , 
Wab is its vorticity, and ua is its acceleration. Physically the acceleration represents 
the influence of non-gravitational forces. 
A positive function r(xa) on M is called an acceleration potential for u if 
Ua = -h~(logr) ,b. (A.25) 
From the above decomposition , expressions for the kinematic quantities in terms 
of the vector field can be derived 
Wab = U[a ;b] + U[a Ub] 
. 1 
a ab = U(a;b) + U(a Ub) - 3 () hab 
() = ua.a . 
' 
A vorticity vector can be defined from the vorticity tensor by 
d C ~ Wab = T/abcdU W 
1 ~ wa = -'r/abcdu u . 
2 ,, b c,d 
where TJabcd is the volume element t defined by 
TJabcd 
~ TJabcd 
TJ[abcd], T/0123 = lgl-!' where g = det(gab), 
4'1 1-1._rla.rb.rc.rd] - 4'1 11..ro .rl.r2.r3 
- . g 2 u O u 1 u 2 u 3 , TJ abed - . g 2 u [a u b u c u d] . 
(A.26) 
(A.27) 
(A.28) 
(A.29) 
(A.30) 
(A.31) 
(A.32) 
(A.33) 
(A.34) 
From the definition , the following identities for the volume element can be derived. 
TJabcd = 0 ;e , T/abcd;e = 0 (A .35) 
TJabcdTJ 
e fgh -41 5[a [Jb 5c 5d] 
· e f g h (A.36) 
TJabcs TJ 
efgs -3! fJiafJ}fJ;] (A.37) 
TJabrs TJ 
efrs -4 5[a5b] e f (A.38) 
TJatrs TJ 
etrs -3! [J~ (A.39) 
iftrs T/ptr s -4!. (A.40) 
The shear scalar and vorticity scalar are defined by, 
a2 
1 (A.41) -aaba 
2 ab 
w2 
1 
W2 = WaWa . (A.42) -wabw 
2 ab 
t ote there is a sign error on the lgl-! term in 'T/ abcd in [13] 
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Note that 
o-
2 
= 0 {::} O"ab = 0, w 2 = 0 ¢:} Wab = 0 {=} Wa = 0. (A.43) 
An expansion tensor can be defined by 
1 
Bab = O"ab + 3 Bhab · 
(A.44) 
It is easily seen from this definition that 
(A.45) 
Having defined the kinematic quantities, we wish to know how these quantities 
evolve. The Ricci identity, equation (A.14), when projected onto the velocity fieldt 
yields the propagation equations, and when projected by the projection tensor, hab, 
into a space orthogonal to the velocity field yields the constraint equations.+ 
A.3.1 Propagation equations 
Contracting the Ricci identity, equation ( A.14), with ud, to select the propa-
gation equations, and with hr a, and hs c, to obtain the kinematic quantities , and 
noting that 
h ah cR b d r s abcdU U 
h ah C d r s Ua-dU ·c 
' ' 
( Ua;c) · 
yields 
Rrbsdubud, and 
(Brd+wrd)(Bds+Wds), and 
Bae+ Wac - 'UaUc - UaUc, 
Contracting on r and s and noting that 
hac( Bae + Wac ) 
(() s d + W s d) (Bds + Wds) 
e, and 
1 
2a-2 + -{}2 - 2w 2 and 3 ' 
hac · 
- Ua ·c 
' 
'a' 'C U Ua - U ;c, 
yields the Raychaudhuri equation in terms of geometric quantities, 
I() - uc ;c + 2(a2 -w2) + ~e2 = -Rbdubud.1 
(A.46) 
(A.47) 
(A.48) 
(A.49) 
(A.50) 
(A.51) 
(A.52) 
(A.53) 
Symmetrising equation (A.49) , eliminating () by use of the Raychaudhuri equa-
tion, and substituting equation(A.15) to eliminate the Riemann tensor and thus 
tThe observer's velocity field shows the direction that the observer attributes to time and hence 
yields the propagation equations for the kinematic quantities. 
+The space orthogonal to the velocity field is what the observer calls "space" and hence the 
observer would measure the kinematic quantities constrained by these equations. 
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obtain terms in the Weyl and Ricci tensors, leads to the shear propagation equation 
in terms of geometric quantities 
h ah c ( . . 1 R ) 1 h ( . a 2 2 ? 2 1 hbdR ) r s CJac-U(a;c) - 2 ac + 3 rs U ;a- CJ +"""'w + 2 bd (A.54) 
· · d 2e d E o 
-Ur Us + CJrdCJ s + 3 CJr s + WsdW r + rs = , 
alternatively, 
(A.55) 
Anti-symmetrising equation (A.49) , leads to the vorticity propagation equation, 
h a 0.l = (CJa - 2 c5a e) wb + !'nabcdu u . . b _ b 3 b 2,, b c,d (A.56) 
A.3.2 Constraint equations 
Contracting the Ricci identity, equation (A.14) , on a and c and projecting onto 
the space orthogonal to ua with hde gives 
(A.57) 
Noting t hat 
(A.58) 
leads to the first constraint equation in terms of geometric quantities, 
" e R bhde ( a a 2 () ) hde ( e e ) · a 
- L..; = bdu = CJ d ;a + w d ;a - 3 ; d - CJ a + w a U · (A.59) 
Contracting the identity 
R a[bcd] = 0, (A.60) 
with ua and using the Ricci identity, equation (A.14) , gives 
U[b ;cd] = 0. (A.61) 
Contracting this with TJb cdeu e and noting that 
becd · 
TJ U eUbU c; d 2 b · W Ub , and (A.62) 
' 
becd 
TJ U eWbc; d (A.63) 2 d 2 a· W ·d - W Ua, 
' 
yields the second constraint equation 
a 2 b · W ;a = W U b, or equivalently, hb a C . aW ;b = W U c . (A.64) 
Cont racting the Ricci identity, equation (A.14) , with TJ cde f U e, eliminating the 
Riemann t ensor in favour of the Weyl and Ricci tensors , and symmetrising on a, 
and / gives the third constraint equation 
H ab = 2 w(.a Ub ) + 'r/ (a ecd (eb )d ;c + Wb )d ;c ) U e, or 
H ab = 2 w(aUb) - hta h\TJ(se f c (wt )J ;c + CJt ) f ;c ) U e . 
(A.65) 
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A.3.3 Bianchi identities 
Sections A.3.1 and A.3.2 derived the evolution equations for the kinematic quan-
tities that were introduced. However these evolution equations have terms contain-
ing the electric part of the Weyl tensor for which we do not know the evolution of, 
as yet. The evolution of the Weyl tensor is described by the Bianchi identities, 
(A.66) 
Using equation (A.19) to eliminate the Weyl tensor in favor of the electric and 
magnetic parts from the Bianchi identity (Equation (A.66)), and contracting with 
ubuc yields, after much simplification, the constraint equation 
(A.67) 
Proceeding as before except contracting with ham h/ub, yields the evolution equa-
tion for the electric part of the Weyl tensor , 
(A.68) 
Again proceeding as in the first case, except contracting with h tr U 8 Ub'r/acrs, yields 
the constraint equation 
h t Has h d + rntbpqu CJ d E _ 3Et Ws = a ;d S 'I b p qd S 
1 1 (A+ B)wt + -rntbef U ~ . + -r/bef U ~ (we + Jc ) 2 ', b [ e ,J] 2 ', b ec f f 
(A.69) 
The evolution equation for the magnetic part of the Weyl tensor is found by 
proceeding as in the first case, except contracting with htr hmcU8 rJrsab, 
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Appendix B 
Mathematical Tools 
This appendix contains some mathematical definitions, theorems, and some (le-
gitimate) tricks that are assumed knowledge in this thesis. 
B.1 L'Hopital's Rule 
Theorem B.1.1 (L'H6pital's Rule) 
Let the functions f and g be differentiable on the open interval ( a, b) and suppose 
g' -/- 0. If 
then 
1. f'(x) 1m = rJ 
x-+a g'(x) 
lim f (x) = rJ 
x-+a g(x) 
when one of the following conditions is met: 
(1) 
(2) 
lim f (x) = 0 and lim g(x) = O; 
x-+a x-+a 
lim g ( X) = 00 
x-+a 
(B.1) 
(B.2) 
(B.3) 
(B.4) 
A piece of mathematics that commonly appears in this thesis is the following : 
F' ,...._, G' (B.5) ,...._, 
F' - G' 
o(l) (B.6) G' 
If either 
(i) G-+oo (B.7) 
or (ii) F-+ 0 and G-+ O (B.8) 
then 
F-G 
o(l) (B.9) G 
F ,...._, G (B.10) ,...._, 
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B.2 Asymptotic analysis 
The following is an extract from "Asymptotic Treatment of Differential Equa-
tions" by Adelina Georgescu [67, pp8-9]. These results are used throughout this 
thesis: 
1) (B.11) 
k k 
2) fi =O(gi), i= l , 2, ... , k , a i =const. ==? L a if i =O(Llaillgi l) . 
i=l i = l 
(B.12) 
3) x E (a , b) , a, b E JR, f = O(g) as x -+ b, f , g integrable on (a , b) 
b . b 
==* 1 f (t)dt = 0 (1 lg( t) ldt) as x --+ b . (B.13) 
The above applies for 'o' as well as 'O ' . Also note t hat 
0( O(f)) = O(f) 
O(o(f)) = o(O(J)) = o(o(f)) = o(f) 
O(f)O(g) = O(f g) 
O(f)o(g) = o(f)o(g) = o(f g) 
o(f) + o(f) = o(f) . 
B.3 Existence/uniqueness theorem 
(B.14) 
(B.1 5) 
(B.16) 
(B.17) 
(B.18) 
T he following existence/uniqueness theorem can be found in [68], and is used in 
Chapter 8. 
Theorem B.3.1 (Existence / uniqueness) 
If the functions p and g are continuous on an open interval a < x < /3 containing 
the point x = x0 , t hen t here exists a unique function y = ¢( x) t hat satisfi es t he 
different ial equation 
y' + p(x)y = g(x) (B.19) 
for a < x < /3, and that also satisfi es the init ial condition 
y(xo) = Yo (B.20) 
·where y0 is an arbitrary prescribed init ial value. 
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B.4 Differentiability 
For a space-time with an IS , the differentiability of certain quantities is implied 
by the definition of the IS. This section tabulates some of the more commonly used 
quantities and their differentiability. These differentiability classes are on an open 
neighbourhood of T = 0 unless otherwise noted. 
T coo (B.21) 
*gab c3 (B.22) 
D C0 at T = 0 C 3 on (0, b] (B.23) 
L(T) C1 on (0, b] (B.24) 
Ta be c2 (B.25) 
*B c1 (B.26) 
*R abcd c1 (B.27) 
*R ab c1 (B.28) 
*Gcd c1 (B.29) 
*Cabcd c1. (B.30) 
If vve also know that there exists a unit timelike congruence which is regular at the 
IS , 
* Ua c3 (B.31) 
*hab c3 (B.32) 
* c2 (B.33) Ua*·b 
' 
* ·a u c2 (B.34) 
*Bab c2 (B .35) 
*() c2 (B.36) 
* c2 (B.37) a ab 
*a2 c2 (B.38) 
p c1 T>O (B.39) 
µ c1 T>O (B.40) 
I:a c1 T>O (B.41) 
I:ab c1 T > 0. (B.42) 
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Appendix C 
A note about FRW space-times 
As in all fields of endeavour , there is much "folk lore" in general relativity, 
especially with regards to the FRW models. A large portion of this knowledge, with 
regard to the FRW models , is indeed true. In this appendix we will reproduce a 
few of these well known , yet hard to find , results. 
Much of the following can be found in courses on relativistic cosmology by G .F .R. 
Ellis [65 , 56]. It has been included here because of the differences in the proofs, and 
for completeness . 
Lemma C.0.1 
If a space-time (M , g) is a solution of the EFE with an irrotational, shear-free, 
geodesic, perfect fluid source then 
l. Eab = 0, H ab = 0, and 
2. ds 2 = -dt2 + a2 (t)da 2 . 
P roof. 
1. Using t he constraint equation, Equation (-A.65), 
2 ' h th S [ b' C b · CJ f U(aWd) - a d W(t ' + CJ(t ' T/s )fbcU 
0. 
(C.1) 
(C.2) 
And noting that since ~rs = 0 for perfect fluids (see Appendix A), the geo-
metric shear propagation equation , equation (A.55), gives 
Ers = 0. (C.3) 
2. Since Eab = 0 and H ab 
metric can be written 
0 t he space-t ime is conformally flat. Hence the 
ds 2 = M(T , x, y, z) 2 (- dT2 + dx 2 + dy 2 + dz2 ), (C.4) 
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with a normalized comoving fluid , u0 = {I, ua = 0. The vorticity, shear, and 
acceleration can be calculated to be 
w 
(J 
·a u 
0, 
0, 
1 [ BM BM BM] 
NI3 O, Bx ' By ' Bz . 
But ua = 0 ====? M = M (T), thus 
(C.5) 
(C .6) 
(C.7) 
ds2 = -M(T) 2dT2 + M(T) 2 (dx 2 + dy 2 + dz2 ). (C.8) 
Now define 
dt = M(T)dT, dx = dx_, f (x)d() = dy, f (x) sin(e)d</> = dz, a(t) = M(T) 
(C.9) 
-dt2 + a2 (t) (dx2 + f 2 (x)(d() 2 + sin2 (())d¢2 )) 
-dt2 + a( t)da2 , 
where da2 = dx2 + f 2 (x)(d() 2 + sin2 (())d</>2 ). 
(C.10) 
(C.11) 
D 
Lemma C.0.2 
A solution to the EFE with a perfect fluid source is a FRW model if and only if the 
fluid congruence is irrotational , geodesic, and shear-free. 
Proof. Since, by the previous lemma, w = 0, a = 0, ua = 0 yields the FRW metric , 
vve only need to show the converse. This is easily seen by direct calculation. D 
Lemma C.0.3 
If a space-time ( M , g) is a solution of the EFE with a barotropic perfect fluid source 
vvith Eab = 0, H ab = 0 then the fluid flow is irrotational , shear-free, and geodesic. 
Proof. Fron1 the propagation equations for Eab and H ab, equations (A.68, A.69),, we 
obtain 
w = 0, a = 0, htb µ ;b = 0. 
And since p = p(µ) we have 
The conservation equation (A. 13) 
(µ + p)ua + habP,b 
· a u 
0 
0. 
(C.12) 
(C.13) 
(C.14) 
(C.15) 
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